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CHAPTER 5

L ogarithmic, Exponential, and Other Transcendental Functions

Section 5.1  The Natural Logarithmic Function: Differentiation

Solutions to Even-Numbered Exercises

2. v

t t T
/i 2 3 4

4. (@) In83 ~ 2.1163

-

8.31
(b) J Tdt = 2.1163
1

8. f(x) = —Inx
Reflection in the x-axis

Matches (d)

12. f(x) = —2Inx

Domain: x > 0

| | |
1\ |

y

—

|
N
|
t

|

N
h
t

(b)

6. (@) In0.6 ~ —0.5108

02 /,

-4

The graphs are identical.

0.61
(b) J Tdt = —05108
1

10. f(x) = —In(—x)

Reflection in the y-axis and the x-axis

Matches (c)

14. f(x) = In|x]

Domain: x # 0

<

Domain: x > 0

3+
21

1L

16. g(x) = 2 + Inx

y

18. (@ In0.25=1In% =In1—2In2 ~ —1.3862 20. Iny/22 = In2%2=31n2

(b) In24 = 3In2 + In3 =~ 3.1779
(©) In¥12=12%(2In2 + In3) =~ 0.8283

(d) In3 =In1— (3In2 + 2In3) = —4.2765

22. Inxyz=Inx+Iny+1Inz

26. In3e2=In3+ 2lne=2+1In3

24. In/a—1=In(a— 1)¥2 = (%) In(a — 1)

28. In%= Inl1—-Ine= -1
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494  Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

30. 3Inx+ 2Iny —4Inz=Inx& + Iny? —Inz

Xy
=In 2
X X )2
32. Inx—In(x + 1) — Inx — 1] = Zln(x+ Dx—1 |”(X2_ 1)
3rn6e + 1) — k- 1= 3 et (X2+1>3
34. 2[In(x +1) —Inx+1) —Inx—1)]= 2|n(x+ Dx—1) In 1
. . X
36. 3 38. Xllrgiln(G—x)— — oo 40. xI|n51+lnﬁ—ln5~l.6094
f=g
1 ‘Ilr‘; 5
-1
3 1
42, y:Inx3/2:§Inx 44, y:Inxl/Z:EInx
/_i P A— 1
Yo ' = %
At(1,0),y’ = 3. At(1,0),y’ = 3.
46. h(x) = In(2x2 + 1) 48. y=xInx
yon 1 _ 4x dy (1 _
W) = 55240 = 50— Y3+ nx =1+ 1nx
1 2X
50. y=InVx2— =§In(x274) 52. f(x)=|nxJr3 =1In2x — In(x + 3)
1y_;< 2x )_ X f/(X):é— 1 _ 3
dx 2\x2—4) x2-4 X x+3 xx+3)
54, h(t)=|nTt 56. y = In(Inx)
dy _L/x_ 1
, t(1/t) — Int 1 — Int dx  Inx  xInx
h(t) = 2 ="
56. y = In. g/ X7 = Znx— 1) — Inx + 1)] 60. 1(x) = In(x + V4T 2)
1 X
L1 11 1.2 2 f(x) = 2<1+ 2)
y_S[x—l x+1]_3x2—1_3(x2—1) X+ a4+ x Va4t X

1
Y4+ X2
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495

~/E+ 4 1|n<2+ N 4)
4 X

— /%2
X Jr4—£In(2+\/x2+4)+%flnx

62 y= 2x2 2x2 4
dy —2x2(x/\/x2+4)+4x\/x2+4_;< 1 )( x )\, 1
ax ax* A2+ e+ 4\ +4) X
Note that:
1 _ 1 2-VUx+4 _2-U¥+4
2+ U +4 2+ /@+4 2-/@+4 -

dy -1 +‘/X2+4—

1
H A =
N ax 22XV + 4 x3 4

(%JW)( X > 1

_l’_i
VX + 4 4x

—x2

_ -1+ (/22— /R +19) N

X¥+4 1
+7

2XJ/X2 + 4

_ —\/x2+4+ \/x2+4+i
Ix/X2 + 4 x3 4x

64. y = Injcscx|

—CSC X - cot X
= ———————— = —cCcotXx
CSC X

68. y=InJ/1+ sn’x = %In(l + dn?x)

dy _ <;\Zsjnxcosx _ sinxcosx
dx \2/1+smx 1+ smx

2@ y=4-—x |n(1x + 1), ©,4)

2
R xJ1r2
Whenx=0,%i= f%.

Tangent line: y — 4 = —%(x -0
1
y= 35X +4
(b) :

—h

x3 4ax

_UxXe+4
- 3

X

66. y = In|secx + tanx|
dy _ secxtanx + sec®x
dx sec X + tan x

_ secx(secx + tanx)
secx + tanx

Sec X

70. gx) = fllnx (t2 + 3)dt

_ (Inx)2 + 3

g'%) = [(Inx)?2 + 3]%(In %) a

(Second Fundamental Theorem of Calculus)

74. In(xy) + 5x = 30
InXx + Iny + 5x = 30

;4‘9&"1‘5—0
1y _ 1
y dx X
dy_ Yy _g 7_<y+5xy)
dx X X
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76.

78.

80.

82.

y = x(Inx) — 4x
1
y/=x<;)+ Inx—4=-3+Inx

X+y) —xy=x+xInx =4 —x(-=3+1Inx) =0

y=x-—1Inx 6

M

-1 6

Domain: x > 0

y/=1—%=OWhenx=1.

-1

>0

//l
V' =

Relative minimum: (1, 1)

Domain: x > 0

y' = X(1/x) — Inx _1-—1Inx

= O0whenx = e.
X2 X2

X(—1/x) = (1= Inx)(2x) _ 2(Inx) — 3
x4 B x3

Relative maximum: (e, e 1)

y// —

Point of inflection: (%2, 3e-3/2)

X .
=x2In-. Domain x > 0

y 1 84.
y' = x2<1) +2xIn% = x<1 + 2In§> = Owhen
X 4 4
1= X x__1 — Ae-1/2
1 2In4 In4 > X = 4e
7= 1+2In%+ 2x(1) =3+2In2
y 4 X 4

y” =0 whenx = 4e3/2
Relative minimum: (4e~%/2, —8e~1)
Point of inflection: (4e~%/2, —24e73)

a (462 24693

= Owhenx = %2,

f(x) =xInx, f(1)=0
f(x) =1+1Inx, f(1) =1
0 =5 =1

P¥=f1) +f(Dx—-1)=x—-1, P()=0

@6 - 172

P, = F(1) + F(L)(x — 1) +
— (= D+ 2(x— 1% P =0
P =1 P/(1)=1
P(¥) =1+ (x—1) =x
P,/ (x) = x, P,(1) =1

P(1) =1

The values of f, P,, P,, and their first derivatives agree at
x = 1. The values of the second derivatives of f and P,
agreeat x = 1.

3

AN

y 4
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86. Find xsuchthatInx = 3 — x. 88. y=J(xX—1x-2)(x—3
f() =x+(Inx) —3=0 Iny = %[In(x — 1) +1In(x — 2) + In(x — 3)]
, 1
Fg =1+ 1<dy) [ 1 1 1
=) == + +
y\dx Z[X—l X—2 x—S]
“ _X_f(xn)_x[4—lnxn] ,
n+1 ~ “n f/(xn)_ n 1+ X, :1|: 33X —12x + 11 ]
2l x—Dx—2)(x— 3
n 1 2 3 dy 32— 12x+ 11
X, 2 22046 | 2.2079 dx 2y
33— 12x + 11

f(x,) | —0.3069 | —0.0049 0.0000

Approximate root: x = 2.208

x2—1
X2+ 1

90. y=

|ny=%muﬂ—n—|mﬁ+1n

;y:;[ 2 ZX]
ydx 2[x¥—-1 x2+1
dy _ xz—l[ ZX]
dx X+ 1 x4 -1

B (x2 — 1)¥/22x
TR+ DV — 1)@ + 1)

_ 2X
- (x2 + 1)3/2(X2 _ 1)1/2

94. The base of the natural logarithmic function is e.

9. gx) =Inf(x),f(x) >0

f(x)
f(x)

g(x) =

(@ Yes. If the graph of gisincreasing, theng’(x) > 0.
Sincef(x) > 0, you know that f/(x) = g’(x)f (x) and
thus, f(x) > 0. Therefore, the graph of f isincreasing.

5.315

%8 1= 67068 + Inx 1000 <
€) 50

1000 4000
0

(b) t(1167.41) = 20 years

T = (1167.41)(20)(12) = $280,178.40
(c) t(1068.45) =~ 30 years

T = (1068.45)(30)(12) = $384,642.00

T2/ - DX - 2(x - 3

X+ 1Dx+2
YT k- Dx-2

Iny=1Inx+ 1) +Inx+2) —In(x — 1) — In(x — 2)
;(g) 1 1 1 1

92.

yldx/)  x+1 x+2 x-1 x-2
dy [ -2 41 [ -6@+12
dx y[xz “1te s 4} B y[(x2 -1 - 4)]
_ X+ Dx+2) —6(x2 — 2)
T x—Dx—-2 (x+Dx-DXx+2Xx—2)
6(x2 — 2)

(x = 1*(x = 2)?

(b) No. Let f(x) = x2 + 1 (positive and concave up). g(x) =
In(x?> + 1) is not concave up.

d _ _ 1
(d) 4, = ~5.315(~6.7968 + Inx) (X)

_ 5315
X(—6.7968 + Inx)?

When x = 1167.41, dt/dx =~ —0.0645. When x = 1068.45,
dt/dx ~ —0.1585.

(e) There are two obvious benefits to paying a higher monthly
payment:

1. Thetermislower
2. Thetotal amount paid is lower.
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100. (a) ss0 ) T(p) = 3496 + 3955

T/(70) =~ 0.97 deg/Ib/in?
0 100

0
0

SRy © »
/"/_- T/(10) =~ 4.75 deg/Ib/in?

limT (p) =0
p oo

— w2
102. y = 10In<10+— Vioox) ~ /100 — %2 = 10[In(10 + /100 — 3 — In¥| — /100 — 2

(@ = (©

. d
lim

dy _
x 10~ dx 0
0 10
0
dy [ —X 1] X
b) — = 10 [ p——
®) g V100 —x2(10 + V100 — %3 x] /100 — 2
_ X I —-10 ] _10, X
J/100 — x2L10 + /100 — 2l X 100 — X2
_ x [ —10 N 1] 10
V100 — x2L10 + /100 — x2 X
x| vio—x } 10
J100 — %210 + 100 — x2| X
__x 1o
10 + V100 — 2 X
x(10 - /100 —»?) _ 10 _ V100 — %
= 2 X X
When x = 5, dy/dx = — /3. When x = 9, dy/dx = — /19/9.
104. y=Inx 106. False
y - 1 Oforx > 0. r is a constant.
x d
. . . . . . . —[In7]=0
Since In x isincreasing on its entire domain (0, c0), itisa dx

strictly monotonic function and therefore, is one-to-one.

Section 5.2  The Natural Logarithmic Function: Integration

10 1
2. J'de:lof;dx:lOIn|x|+C 4. u=x—5du=dx

1
fx_sdx—ln|x—5|+C

1 1 1 o
6-f3x+2dxfsf3x+2(3)dx 8. u=3-du= —3xdx

1 LS dx——1 i(—3x2)dx
=3nlx+2/+cC 3-x7 3J3-x

= —%In|3 -x3|+C

100
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10. u=9 — x%, du = —2xdx
X 1
———dx=-2[(9- V(-2 dx=—-/9 -2+ C
J et 3w
X(x + 2 _ 1 3@+ 6x o .
12 fx3+3x2—4 X_3Jx3+3x2—4dx W=2x+3¢-4
1
=§In|x3+3x2—4|+C
2+ _ 3 _ —
1. |2EEX= 3 <2x+11+ 19)dx 16. |- =204 <x2—5x+19—ﬁ>dx
X—2 X—2 X+ 5 X+ 5
— 2 _ 3 2
X+ A+ 19— 2+ C :%—%+19x—115ln|x+5|+c
xX2—32+4x—-9 X 1 111 1
| ————————dx=[[-3+x+ ===
18f X2+ 3 o f( 3+ x x2+3>dx 20 fxln(x3)dx 3) Inx de
IPRND SON SHV _1
= 3x+2+2In(x +3 +C 73In|ln|x||+C
22. u=1+ x¥3 du=-5-dx 24 X(X_Z)dx= X2_2X+1_1dx
' ’ 3x2/3 " (x—1)3 (x—1)°
1 B 1 1 o (x=v2 1
fx2/3(1+x1/3)dx_3f1+x1/3<3x2/3>dx _f(x—1)3dx f(x—1)3dx
=3In]1 + x¥3| + C _ L oo 1 dx
x—1 (x—1)3
:In|x—1|+#+c
2(x — 1)2
26.u:1+\/§(,du:idx dx:g(u—l)du
2/ 3x 3
1 12
————=dx= |==(u—1)du
f1+J§< fu3( )

~3f(-3)w
~Zu— i+ c

3

:§[1+ VX —In(1+ /3] +C

=§J§(—%In(l+ J3x) + ¢,
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1
28. u=xY3 —1,du= 325 dx dx = 3(u + 1)2du

Ix u+1
\?/;(_1dx= J 3(u+ 1)2du

=3fu:1(u2+2u+1)du

=3f<u2+3u+3+%)du

ud 3w
—3|:§+7+3U+ In|u|] + C

_ (X1/3 — 1)3 3()(1/3 _ 1)2
- 3[ 3 2

3X2/ 3

=3In|x¥3 — 1| + 5t X3+ x+ C,

1f55in50

30. ftan50d0=§ 0S50

= féln|cosse| +C

34. u= cott,du = —csc?tdt

2
ety —In|cott] + C
cot t

38.y= fxzzi(gdx
=Inx -9 +C
(0,4: 4=1In0-9| +C C=4-1In9
y=Inx -9 +4-1n9

i

dy Inx
2 = 1, -2
@

+ 3(x¥2 = 1) + In|x¥/3 — 1|] +C

X X(1
32. fsecidx = Zfsec§<§> dx

X X
= 2In‘secf+tanf +C

2 2

36. f(sect + tant) dt = In|sect + tant| — In|cost| + C

+
_ Inszet:t tant‘ e
cost

= In|sect(sect + tant)| + C

2
40. r=f%dt
= Injtant + 1| + C
(m4): 4=1Inj0+ 1 +C C=4
r=Intant + 1| + 4

10

T AT

b y= fHITX X = (In2x)2 Lc

_(n1?

y(1) = -2 -2 >

+C C=-2

2
Hence,y:@—Z
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ta 1 1
44, dx = [In|x+ 2|] 46. u=Inx, du = =dx
X+ 2 -1 X

-1
=In3-In1=1In3 €1 ‘11 ¢

: : : dx = (7),@( =[In|ln|x||] =1In2
e XInXx e \InX/x e

1 1 1
48. X 1dx= 1dx + 2 dx
o X+ 1 o o X+ 1

= [x—ZIn|x+l|] =1-2In2

1
0
0.2 0.2
50. f (csc 20 — cot 20)2dg = f (csc? 26 — 2 csc 26 cot 20 + cot? 26) df
0.1 0.1

0.2
=f (2csc?220 — 2csc20cot 20 — 1) do
0.1

0.2

= [—cot 260 + csc 260 — 0]0 ~ 0.0024
.1

5

N

.Injsinx] + C = Ini‘ + C = —Injescx| + C
CSC X

_ln(c‘scx + cot X)(csc x — cot X)

€sc? X — cot? X
= =" +cC
(cscx — cot X)

+C=—-In
CC X — cot X

54. —Injcscx + cotx| + C

+ C=In|cscx — cotx| + C

= —In|————
CSC X — cot X

56. ﬁ;\\gdx:—(u X+ 6(1+ x) - 4In(1+ Jx) + C

=4/x - x—4In(1+ /x) + CwhereC = C, + 5.

2
58, [ gy — Yinjsecox + tan2x| — sinax] + ©
SEC 2X 2
/4 G2 /4
60. f wdx: [In|secx +tanx| — ZSinX}
— /4 COS X —x/4
V2 + 1)
=1In - 2J/2~ -1.066
<J§ -1

Note: In Exercises 62 and 64, you can use the Second Fundamental Theorem of Calculus or integrate the function.

X2

1
Ydt

X

62. F(x)=ftantdt 64. F(X):f

0 1

F/(x) = tanx o 2X 2
F(X)_xz_x
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4 4
66. 68.A=JX+4dx=f<1+ﬂ)dx
1 X 1 X
4
= [x + 41In x]
1
=4+4In4-1

70.

72.

76.

78.

82.

A=3
Matches (a)

f “2x — 1an(039) o — [xz +2 In|cos(0.3x)|]i

= [16 + % In cos(l.2)] - [1 + 1—: In cos(0.3)} ~ 11.7686

Substitution: (u = x2 + 4) and Power Rule

Answers will vary.

_ 1 [fax+1)
Average value = - ZL 2 dx

o[ ) EE

r 4
=2[Inx — 1] =
L X12
i 1 1
—27|n4*1* In2+§]
I 1 1
= 27In2 + Z] =|n4 + 5~ 1.8863
300
NEELIY Lol W
IN2 J,eo T — 100
10 010 10 (4) . .
= Inz[In(T - 100)]250 = Ir12[In 200 — In150] = Inz[ln 3 ] ~ 4.1504 units of time
as_k
dt t

St) = f%dt = klIn|t| + C=kInt + Csincet > 1.

S2) = kln2 + C = 200

S4) = kin4 + C = 300

Solving this system yields k = 100/In 2 and C = 100. Thus,

100Int
In2

+100 = 100['”—t + 1].
In2

S =

6

Jn

=3+ 4In4 = 85452

74. Substitution: (u = tan x) and Log Rule

1 2
80. Averagevalue = mﬁ) sec? dx

X
sec%than

= %In(z + /3)

X

6

|

%[In(z + /3) — In(1 + 0)]

2

0
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8. k=1 f(x)=x—-1

k=05 fyo(x) = ‘&0; 1 2(Vx—1)
k=01 fy,(x) = Wil_ L 100k - 1)

kI|r(1)‘|+ f(¥) = Inx

88. False
d 1
&[In X] = ;

Section 5.3 Inverse Functions

2. (@ f(x)=3-4x

g9 = >
f(g(X))=f(3;X):3_4<3;X>=X
g(f(X)):g(3—4x):w:X
4. (@ f=1-x
gx) = ¥1-x
flgx) =f(¥1—x)=1—(¥1T—x)?
=1-(1-x=x

g(f(x) = g1 — 3
=31-1-x)= 3¥e=x

6. (@ f=16—-x4x 0
g(x) = V16 — x
f(gx) = (/16 — x) = 16 — (/16 — x)?
=16 - (16 — x) = x
o(f(x) = g(16 — X)) = /16 — (16 — X9

= X2:X
1
8@ f¥=377px O

g0 =2 0<x 1

1-x 1 1
flo) = 1(1 %) =3 = o
T &
1- 1
1 1+ x X
g(f(x)):9<1+x): 1 1+x

10+

N A o ®
¢ 1 I |
t t t t

W2 4 6 8 1

90. False; the integrand has a nonremovable discontinuity at
x = 0.

(b) y
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10. Matches (b)

12. Matches (d)

X2 1
14. f(x) =5x — 3 16. F(x) = 1 18. gt) = oS
One-to-one; has an inverse Not one-to-one; does not have an Not one-to-one; does not have an
, inverse inverse
by y 2
2 i [
N
-1
_____________ %” , _'_'_'_'_'_'_'_,_,.,—-—..H_\_\_\_\_\_\_\_ ,
-3 -1 _1 1 1 *
2 a1l 2 1
-1+
20. f(x) =5xv/x—1 22. h(x) = |x + 4] — |x — 4
One-to-one; has an inverse Not one-to-one; does not have an inverse
12 9
-9 9
0 6 P
0 -9
24. f(x) = cos%
2
() = 33X _ _ g 27 A7
f(x) = 58N> = O0whenx = 0, 3 3

f is not strictly monotonic on (— oo, co). Therefore, f does not have an inverse.

26. f(x) = X3 — 6x2 + 12x 28. f(x) =In(x—3),x > 3

0 for all x. 1

7, — 2 — — 2
f(x) =32 — 12x + 12 = 3(x — 2) f1(x) = =

3 > Oforx > 3.
fisincreasing on (— oo, oo). Therefore, fis strictly
monotonic and has an inverse. fisincreasing on (3, oo). Therefore, f is strictly monotonic

and has an inverse.

30. fx)=3=y R f=x—-1=y 4 f)=x=y,0 x
X = y X= é/m X = \[y
3 y= IxF1 y= X
y=3 100 = Ix+ 1 F3x) = Jx
Y y
—1, — 5 5+ L’
R S
2T .’
! £-1
Iy EDRRSN S I
2+ ////
Ao R A
/// f 5+
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36. fX)=VX¥—-4=y,x 2 38, fx)=3¥2x-1=y
x=JVy+4 g Y 2a
436
y=vx+a4 X + 243
f-1x) = X+ 4, x 0 Y= g6
x5 + 243
y —1fy) — 2T o
f~(x) 256
oL
4 6
ol f
f-1 The graphs of f and f ~*
7 -4 8 are reflections of each
T — other acrosstheliney = x.
i g s
X+ 2
4. f()=x5=y 2 f="""=y 4 [y 0|2|4
X = yo/3
d « 2 f1x | 6| 2| 0
y = ¥5/3 y—1
f1(x) = x5/3 2 y
2 y= x—1 8T
F-1
f iy 2
-3 3 ) -1
4
s 3 ‘
f 8
The graphsof f and f ~* are -6 6
reflections of each other across N\\
theliney = x.

The graphsof fand f % are
reflections of each other across
theliney = x.

46. f(x) = k(2 — x — x3) isone-to-onefor all k # 0. Sincef 1(3) = —2,f(—2) =3 =k(2 - (—2) — (—2)%) = 12k k = %.

48. f(x) = |x + 2| on[—2, c0) 50. f(x) = cotxon (0, 7)
f/(x) = —csc2x < 0on (0, )

100 = E 20y 15 0on(-2,00) | | - |
X+ 2 fis decreasing on (0, ). Therefore, f is strictly monotonic

fisincreasing on [—2, oo). Therefore, f is strictly and has an inverse.
monotonic and has an inverse.

52. f(x) = secxon [0, g)

f/(x) = secxtanx > Oon (0%)

fisincreasing on [0, 7/2). Therefore, f is strictly monotonic and has an inverse.
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_5_3_ 5 The graphs of fand f % are
>4 feo =2 e —yon 0,10 £t reflections of each other
22— 3=ty . acrosstheliney = x.
X2(2 - y) =3 0 ﬁ_ 10
e ) "
+ 2 y
_ 3
y== 2 —X
300 = (/5o x <2
56. (a), (b) 2 58. (a), (b) 10

f‘l
f
ht h
-3 3 -10 10

-2 -10

(c¢) hisnot one-to-one and does not have an inverse. (c) Yes, fisone-to-one and has an inverse. The inverse
The inverse relation is not an inverse function. relation is an inverse function.
60. f(x) = —3 62. f(x) =ax+ b
Not one-to-one; does not have an inverse f is one-to-one; has an inverse
ax+hb=y
X = y—b
a
_X= b
y a
X — Db
f~4(x) 2 2 #0
64. f(x) = 16 — x*isoneto-oneforx 0. 66. f(x) = |x — 3| isone-to-oneforx 3.
16 — x¢ = y X— 3= y
16 —y=x* X=y+3
Y16 -y =x y=x+3
Y16 —x=y fIx)=x+3,x 0

fix)= ¥16 —x, x 16

68. No, there could be two timest, # t, for which 70. Yes, the areafunction isincreasing and hence one-to-one.
h(t,) = h(t)). The inverse function gives the radius r corresponding to
the area A.

72, f(x) = 2—17(x5 + 20 f(—-3) = 2—17(—243 5= -11-a

F(x) = 2—17(5x4 +60)

1 1 27 1
f(f-1(-11)) f(-3) 5(—3*+ 6(—32 17

(9 (-11) =
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74. f(x) = cos2x,f(0)=1=a
f(x) = —2sin2x
(9@ = ﬁ = % = ﬁ = %Which is undefined.
76. fx)=J/x—4,fB8 =2=a
o 1
709 = 2/x— 4
ey 1 1 1 1
(9@ =) ~ e - 1/(2v/8—4) 1/4 N
78. () Domain f = Domainf 1 = (— oo, o0) (d) f(x) =3—4x, (1, —-1)
(b) Rangef = Rangef ! = (— o0, o0) f(x) = -4
© y f(1)=-4
f
_ _3—X
. 19 = 2% (-1,0)

80. (@ Domain f = [0, c0), Domain f~1 = (0, 4]
(b) Range f = (0, 4], Range f 1 = [0, co)
©

82. x=2In(y*> -3

_, 1 L,y

1_2y2—32ydx
dy _y*-3 dy _16-3_ 13
dx 4y 'At(0’4)’dx_ 6 16

In Exercises 84 and 86, use the following.
f(x) = $x — 3and g(x) = x3
f=4x) = 8(x + 3)and g~4x) = ¥x

84 (gt-f (=3 =g H(f (-3 =90 =0

(900 = —

(911 = -

_4
1+ x2

(d) f(x) =

—8x
(X2 + 1)

f(x) = (1) =-2
4 —-X

f71(x) = <

-2

X

(17 = (9@ = -3

86. (g t-g H)(—4) = g Hg U—4) = g Y¥~4)

=33 -4=-94
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In Exercises 88 and 90, use the following.

fx) =x+4andgx) =2x -5

X+5
2

f~3(x) = x — 4and g~4x) =

88. (f~tog™)(x) = f~Hg™(x))

92.

96.

100.

102.

106.

_ _1x+5>
(%5
+
:x25_4
_x—-3
2

The graphs of f and f ~ are mirror images with respect
totheliney = x.

f is not one-to-one because different x-values yield the
same y-value.

Example: f(3) = f(—%) :g

Not continuous at +2.

90.

94.

98.

If f has an inverse and f (x;) = f(x,), then f ~1(f(x,)) = f ~1(f(x,))
one, then for every value b in the range, there corresponds exactly one value a in the domain. Define g(x) such that the
domain of g equalsthe range of f and g(b) = a. By the reflexive property of inverses, g = f 1.

True; if f has ay-intercept.

From Theorem 5.9, we have:

oy 1
9% = 60

f(9(x))(0) — f1g(x))g'(x)
[f(ax)]?

_ M) - [1/(F(g(x)]
[F e

_ fg)
[P

9 =

(@) = g(f(x)
=gx+4)
=2(x+4) -5

=2X+ 3

Xx—3
2

(Note: (gof)t=f"1og™?

Hence, (g - f)~1(x) =

Theorem 5.9: Let f be differentiable on an interval 1.
If f has an inverse g, then g is differentiable at any x for
which f(g(x)) # 0. Moreover,

mm:ﬁiar@m¢o

If f has an inverse, then f and f ~* are both one-to-one.
Let (1) 7Yx) = ythenx = fYy) and f(x) = y.
Thus, (f~H)~1 =1

X, = X,. Therefore, f is one-to-one. If f(x) is one-to-

104. False

Let f(x) = xorg(x) = 1/x.

If fisincreasing and concave down, thenf” > 0 and f” < O which impliesthat g isincreasing and concave up.
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Section 5.4  Exponential Functions: Differentiation and Integration

2. e 2=0.1353... 4. In0.5 = —0.6931. .. 6. Nz =12
In0.1353... = -2 @ 069%L .. — % % = 12
X=06
8. 4e¢ = 83 10. -6+ 3ex=8
o — % =14
o 14
X = In(§> ~ 3.033 3
4 14
X = In(—) ~ 1.540
3
12. 200e~%* = 15 14. Inx2 = 10
go_ 15 _3 Xt = @0
20040 X = +€ =~ +148.4132
3
—4x = In<40)
1, (40
X = Z |n<§) =~ 0.648
16. In4x =1 18. In(x — 2)2 = 12
4x=e"=¢e (x—22=¢?
x =< ~ 0680 Xx-2=¢

X = 2+ € =~ 405.429

22 y=ex?

y

10 -8 10

Horizontal asymptotes: y = Oandy = 8 Horizontal asymptote: y = 4
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26. y = Ce & 28.y= ﬁ
Horizontal asymptote: y = 0
Reflection in the y-axis X“";m =C
Matches (d) . C

Horizontal asymptotes: y = Candy = 0

Matches (b)
30. f(x) = e/3 32. f(x) = e 1 34. In the same way,
— 3 — —
gx) = Inx® = 3Inx gx) =1+ Inx lim <1+£)X=e'forr>0.
X oo
y y

1 1 1 1 1 1 [
36. l+1+§+6+ﬂ+ﬁo+7720+%—2.71825396

e~ 2.718281828

R e I e
2 6 24 120 720 5040

38 (@ y=¢e* (b) y=e*
y’ = 2e> y' = —2e %
At(0,1),y" = 2. At(0,1),y' = —2.
40. f(x) = et~ 2. y=e* 44,y = x>
g = —e> Y e Y _ e+ 2xex
dx dx
=xe*(2—x)
1+ ¢ e<+ e X
— o3P - _
46. g(t) =e 48. 'y In(1 — e><> 50. vy In< > )
> 6
gty = e ¥¥(6t3) = eve =In(1+ €) —In(1 - €) =Ine+e*) —In2
dy_ e dy e — e
dx 1+ e 1-—¢e dx e + e X
2 _e&-1
11— e e+ 1
52. y=ex_zef 54, y=xe— e =e(x— 1)
dy e +e* %:ex+e>‘(xfl)=xe>‘

dx 2



Section 5.4

Exponential Functions: Differentiation and Integration

511

56. f(x) = eInx

f(x) = %

60. ey +x2—y?=10
dy ) W
(de+ye>‘V+2x 2ydx—0
Y ey — o) = —vey —
dX(xe>‘y 2y) = —yey — 2x
dy _ _yev+ X
dx xey — 2y

64. y = €(3cos2x — 45n2x)

58. y=Iner=x
dy _
ax L

62. gx) = VX + elnx

1 €
X)) = —=+ - + €Inx
A 2Ux X

L T
4x3/2 X2 X nx

_ 1 ex-1)
4x/x X2

9" = -

+ eInx

Yy’ = e{(—6sin2x — 8cos2x) + €43 cos2x — 4sin 2x)
= e(—10sin2x — 5¢c0s2x) = —5eX2sin 2x + cos 2x)

Yy’ = —5e{4cos2x — 2sin 2x) — 5e(2sin 2x + cos2x) = —5e5 cos 2x) = —25e* cos 2X

y’ — 2y’ = —25ecos 2x — 2(—5€9(2sin 2x + cos2x) = —5e{(3cos2x — 4sin 2x) = —5y

Therefore,y” — 2y’ = =5y y”—2y’+ 5y = 0.

— — X
66. () = & -
— X
F(x) = ex+29 >0
— — X
f”(x):ex 2e = Owhenx = 0.

Point of inflection: (0, 0)

68. g(x) = %e—(x—s)z/z

(x) = —=(x — 3)e"x—372
g'(x) \/ZT(X )e
9"(x) = \/lz—w(x — 2)(x — 4)e"x-37/2
Relative maximum: | 3, ESN DS (3, 0.399)
J2m
m

0,0

. . . 1 1
Points of inflection: | 2, ——e /2|, ( 4, ——e V2| = (2, 0.242), (4, 0.242
( ) (4—5ee12) - @022 0,020

V2w
70. f(x) = xe™*
fx) = —xe*+e*=eX1l—-x) =0whenx =1

f/(x) = —e*+ (—e M1 —x) =e*(x—2) =0whenx = 2.

Relative maximum: (1, e~ %)

Point of inflection: (2, 2e72)

1, et
( \e ) (2,3
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72. f(x) = -2+ ¥4 — 2x) (% 9&942)

100

f(x) = e(—2) + 3e%(4 — 2x) = (10 — 6x) = Owhenx = 3. (3,7038)
f(x) = e(—6) + 3e%(10 — 6x) = (24 — 18x) = Owhenx = 3.
Relative maximum: (% 96.942)
Point of inflection: (% , 70.798)
74. (@ f(c)=f(c+x (b) AX) = xf(c) = x[lO( ex)i l)e—<x/<e*—1”]
10ce ¢ = 10(c + x)e~(*» _ 1o /1)
ee—1
c_c+x
E - ectx
@ c= X
e = (C + X)E° @c=5"71
ce“=c+ X 2
ce*—c=X
c= X \
ee—1
0 4
0
10x2
(©) AX) = o —e/-e) im c—
e — 1 X|In37 c=1
6 limc=0
(2.118, 4591 X
0 9
0
The maximum areais 4.591 for x = 2.118 and
f(x) = 2.547.
76. Let (X, Yo) bethe desired pointony = e, y
y=e>
y’= —e* (Slope of tangent line)
1 (0.4263, e~04263)
—= =¢&" (Slopeof normal line) ; —~—
y -1 1 2 3
fa

y — 7% = eX — X
We want (0, 0) to satisfy the equation:

—e %0 = —x,go
1 = x 20
X2 —1=0

Solving by Newton's Method or using a computer, the solution is X, =~ 0.4263.
(0.4263, g704263)
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78. V = 15,000e~06%6 0 t 10

(a) 20,000 (b) c(jZT\t/ = —0429e~ 06286t (c) 20000
x Whent = 1, C:T\t/ ~ —5028.84.
0 10 0 10
0 Whent = 5, %\t/ ~ —406.89. 0
80. 1.56e %2? cos4.9t  0.25 (3 inches equals one-fourth foot.) Using a graphing 2
utility or Newton's Method, we havet  7.79 seconds. h
o Uﬂuﬂunuﬁuhvz\u | 10
-2
82. (8 V, = —1686.79t + 23,181.79 (b) The slope represents the rate of decrease in value of

V, = 109,521 — 322012t + 28,110.36 the car.

=

(©) V, = 31,450.77(0.8592)t = 31,450.77e 01518 (d) Horizontal asymptote: lim Vy(t) = 0

Ast oo, the value of the car approaches 0.

20,000

dv.
© Tt?' = —4774.2¢" 01518

av.
Fort = 5, dits ~ — 2235 dollars/year.

av.
Fort=9,—2 ~ —1218 dollars/year.

dt
84. f(x) =e X2 f(0) =1 2
f(x) = —xe*¥/2,(0) = 0 E
N N
f(x) = x2e*¥/2 — e ¥/2 = e ¥/2(x2 — 1), §(0) = —1 % \
2
P(¥=1+0x-0)=1P(0 =1 -
P,'x) =0, P,0) =0
1 X2
PAX) =140~ 0) = 5(x~ 02 =17, P(0) = 1

P,’¥) = —x,P,(0) = 0
P,¥) = —1,P,"0) = -1

The values of f, P;, P, and their first derivatives agree at x = 0. The values of the second derivatives of
fand P, agreeat x = 0.
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86.

90.

94.

98.

100.

104.

108.

112.

n® term is x"/n! in polynomial:

=1+ +X—2+X—3+ﬁ
Ya= 27X T Ty Ty
. X2 X8
Conjecture.eX:1+x+E+§+---
4 4 l
[(ero—|-ef - ervaoa-t
3 3 e

—x2

Letu =7X,du = —xdx.

V2 V2
f xe /2 dx = —f e /2(—x) dx = [—e‘xz/z]
0 0 0

Letu= €+ e % du= (& — e ¥dx

e —ex N
jeurefxdx—ln(e’”re )+ C

f%dx=f(ex+2+e*x)dx

=e+2x—e*+C

fln(ezxfl)dx = j(ZX — 1)dx

=x-x+C

f(x) = f(sinx +e®) dx = —cosx + %ezx +C,

f’(o):—1+%+(:1:% C,=1

f/(x) = —cosx + %eZX +1
1
f(x) = J(fcostrEeZ“r 1)dx

:—sinx+%1e2X+X+C2

=% c,=o0

f(0) = 2

N

f(x)=xfsinx+%fe2>‘

vz
=1l-el=

88. Letu = —x4 du = —4x3dx.

jefxd(—4x3) x=e*+cC

2 3x2 2
20¢/2dy = S| e®/2( 22 = £¢/2
92. fxeX dx Sfex <2>dx 3e>< +C

96. Letu =1+ e* du = 2e*dx.

& o 1f 2 1 y
fl+e2xdx—§fl+82xdx—2In(1+e2)+C

e—1
e

102. Letu = e+ e X du = (e — e ¥dx

- —X
oo ®=2 f (& + &) 2(e — ek
-2
Terex ' ©

106. feﬂzxsechtanZde=%ese°2X+C
(u = sec 2x, du = 2 sec 2x tan 2x)
110. y = J(eX — e7%)2dx
= f(ezx— 2+ e >)dx

_1 X ,1—2x
—2e'2 2x e +C
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114. (a)

b To
116. J' e*xdx=[—e*’< =

a

4
120. (a) f Uxeddx, n = 12
0

124.

Midpoint Rule: 92.1898

Trapezoidal Rule: 93.8371

Simpson’s Rule; 92.7385

Graphing Utility: 92.7437

2
(b) f 2xe Xdx,n = 12
0

Midpoint Rule: 1.1906

Trapezoidal Rule: 1.1827

Simpson’s Rule: 1.1880

Graphing Utility: 1.18799

t 0 1 2 3 4
R 425 240 118 71 36
INR | 6.052 | 5481 | 4771 | 4263 | 3.584

diyf —0.2x2 < _§>
(0) G =x€ %% (0.5

1
= —02¢y = ——— | @ 0.2¢ (—
y f Xe dx = — 04 f e (—0.4x) dx

1 —0.2x% 2 — 2
. — . 0.2x
0. e + C 5e + C

<0,—§>: 3. 2sP+c=-25+C cC=1
2] 2
y

= 256702 4+ 1

2 1 2
118. J (e + 2)dx = [—fe‘zx + ZX]
0 2 0

1, 1
=-Zet+4+=4
St 4+ 5~ 4401

[

X
122 f 0.370%t =
0
X
],

—e 03 4 1 =

)
®

[0}
NI, NP NP N

o
o
w
X
I

1
—-0.3x = InE =-In2

X = ln—3 =~ 2.31 minutes

(8 InR = —0.6155t + 6.0609

R= 670.6155t+6.0609 = 428.786’70'615&

(b) 450

4 4
(© f R(t) dt = f 428.78e0615% gt ~ 637.2 liters
0 0
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126. Thegraphsof f(x) = Inx and g(x) = e are mirror

images across the liney = x.

130. Ine—a=lnea—lneb:a—b

eb
Inee=b=a—b

128. (&) LogRule: (u= e+ 1)
(b) Substitution: (U = x?)

Therefore, InSa = Ine? P and sincey = In x is one-to-one, we hzalveejl =g b

e

Section 5.5
1\t/8
2y= (5)
1 16/8 1
A 16,y (1) 2

8. Iogaa%l: log,1 —log,a=—1

14, y =31

<

Ol
wk | O
'_\

w

©

X= -4
(b) logs 36 = x

6= 36

X=2

e

Bases Other than e and Applications

t/5
4. y= (%) 6. log,, 9 = log,, 272/ = 3
1 2/5
Att, =2,y = (5> ~ 0.7579
10. (8 2723 =09 12. (3 logs5 = —2
-2 _1
logy, 9 = z 3 o
3
(b) 49v2=7
3/4 _
(b) 16 2 l0g,e 7 = 3
log,; 8 = 2
16. y = 2¢ 18. y = 3~
x | —2|-1]0|1] 2 X | 0] 1 |«2
y | 16| 2 |1]2]|16 y [ 1] 5 |3

22. (a) log,27 =3
b3 = 27
b=3
(b) log, 125 = 3
b = 125
b=5
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24. (a) logyx + logy(x — 2) =1
logfx(x —2)] =1
X(x—2)=3t

¥ —-—2x—3=0

x+1Dx—-3 =0
x=-10Rx=3

x = 3isthe only solution since the domain of the
logarithmic function is the set of al positive real
numbers.

26. 56« = 8320
6xIn5 = In 8320

_ In 8320
6In5

~ 0.935

365t
30. (1 + @> =2

365
0.10
365t In(l + %) =1n2
1 In2
t= %7| (1 . 0.10) ~ 6.932
365
34. logsv/x — 4 =32
JX—d =52

X — 4 = (532)2 = 5b4
X = 4 + 554 = 29,748,593

36. f (t) = 300(1.0075'%) — 735.41
Zero: t = 10

10

(10,0)

-10

(b) logyo(x + 3) — logox = 1

+
|0910X 3 1
X+ 3 - 10t
X
X + 3 = 10x
3=9x
X = L
3
28. 3(5-1) = 86
86
x—1 — =2
5 3
86
(x— DIn5 = In( 3>
2
3
x—1= In5
5
In 3
x=1 N5 3.085

32. log(t — 3) = 2.6
t—3=10%6
t = 3 + 10?6 =~ 401.107

38. g(x) = 1 — 2log,[x(x — 3)]
Zeros. X = —0.826, 3.826

5

(-0.826, 0)
. L SN

(3.826,0)
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40. f(x) = 3

g(x) = logg x f(x)

Ol

W=

©l=

W=

g(x)

42. g(x) =27
gx) = —(n2)27x

48. g(a) = 5 %2s8in2a

9'(a) = 5°%/22 cos2a — %(In 5) 5-%/25n 2a

52. h(x) = IogSLz_1

44, y = x(6"%)

= logy X + %Ioga(x — 1) — log, 2

0 — 1 1, 1 _
= 3t 2 x-yins °
WY LR
In3[x  2(x—1)

ST
T In3l 2x(x — 1)
56. f(t) = t32log, vVt + 1= t3/2%%

(0 = 3| C2rg + PN+ 1)

2In2 t+1

60. y = (1 + x)¥*

Iny=§|n(1+ X)

L)L) a1

Q_X[ 1 _In(x+1)]

dx  x|x+1 X
_(1+x)1/x[ 1 In(x+ 1)]
B X X+ 1 X

ﬂ_ _ —2X —2X
5 = 2n6)82) + 6

= 6-2(-2(In6) + 1]
= 6-2(1 - 2xIn6) t

2t
6. (1) = 3T

t(2In3) 3% — 3%

_ 3 (2In3-1)

50. y =109, (2x) = 10gy52 + l0g; X

dy 1 1
2 -0+ =
dx 0 xIn10 xIn10
X -1
54. y=log,o———
= log,o(x® — 1) — logy, x
dy _ 2x 1
dx (X —-1In10 xIn10
B B2 _1]
IN10| X2 — 1 x
- i&]
In 10 x(x® — 1)
58. y=x1

62. JS’XdX =

Iny = (x — 1)(Inx)

%(%) =(x — 1)<%> + Inx
dy [xfl

dx X

+ Inx]

=x*2(x— 1+ xInx)

_5*X

ins © C

(0] 0
64.f (33—52)dx=f (27 — 25) dx
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66. J(3 - X) 70 d4x = _%f_z(?) - X 7897 4o
1
= — (3—x)2
2In 7[7 1+c

<

70. (3

2

_Inx  logy, X

72. |Ogb X = m |Oglo b

74. f(x) = logy X
(& Domain: x > 0
B y=log,x
10Y = x
f~i(x) = 10
(c) log,, 1000 = log,, 10° = 3
log,,10,000 = log,, 10* = 4

If1000 x 10,000,then3  f(x)

76. f(x) = a*

@ flu+v)=a"v=a'a = f(u)f(v)

78. V(1) = zo,ooo(%)t
@ v

16,000 4
12,000 4
8,000 4

4,000+

2 4 6 8 10

V(2) = 20,000(%)2 = $11,250

68. fzénxcosxdx, u = sinx, du = cosxdx

1

SinXx
In22 c

Q, in X
(b) i €S cos X (m,2)

y = fes"‘xcosxdx ="+ C
(m2):2=e""+C=1+C c=1

y=en i1

(d) 1ff(x) < 0,then0 < x < 1.
(e) f(x) + 1 =log,,x + log,, 10
= log,;,(10x)

X must have been increased by afactor of 10.

X
() |0910<Xi> = 10g,0X; — 100;9%,
4 =3n—hn=2n
Thus, x,/x, = 102" = 100".

(b) f(2x) = a* = (a)* = [f(x)]

av 3)\/3\
(b) e 20’000<|n2><2> (© v
Whent = 1: %/ ~ —4315.23

Whent = 4 %/ ~ —1820.49

Horizontal asymptote: v/ = 0

Asthe car ages, it isworth less
each year and depreciates less
each year, but the value of the
car will never reach $0.
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80. P = $2500, r = 6% = 0.06, t = 20 n 1 2 4 12 365 Continuous
A= 2500<1 + ?)2‘0" A | 8017.84 | 8155.09 | 8226.66 | 8275.51 | 8299.47 8300.29
A = 2500e(009(20) = 8300.29
82. P = $5000,r = 7% = 0.07,t = 25 .
%5 ° n 1 2 4 12 365 Continuous
0.07 25n
A= 5000<1 + T) A | 27,137.16 | 27,924.63 | 28,340.78 | 28,627.09 | 28,768.19 | 28,773.01
A = 5000e°07(25)
84. 100,000 = Pedo8t P = 100,000e— 006t t 1 10 20 30 40 50
P 94,176.45 | 54,881.16 | 30,119.42 | 16,529.89 | 9071.80 | 4978.71
0.07)\365t 0.07)~ 365t
. = + —_— = + _
86. 100,000 P(l 365) P 100,000(1 365)
t 1 10 20 30 40 50
P | 93,240.01 | 49,661.86 | 24,663.01 | 12,248.11 | 6082.64 | 3020.75
. 086 0
88. Let P = $100, 0 t 20. 90. (a) Jln;m =0.86 or 86%
_ 03 400
@  A=100e2% Jaz1000% @ pro ~088(-025)e 0 _ 0215e 0
A(20) = 182.21 "Z (1 + e 025n) (1 + e 02n)
(b) A = 100e°-05t -m P’(3) =~ 0.069
20
A(20) = 27183 o P/(10) ~ 0.016
(@) A = 100eP08t
A(20) =~ 332.01
9. () 1200 @ P10 = 200w LB
: ' 5 (1 + 19e 53
19e V5 =1
t
0 40 g = |n 19

0
(b) Limiting size: 10,000 fish

_ 10,000
"1+ 19e %5

(© p)

, eft/S
PO = 15 100572

_ 38,000e /5
(1 + 19e7v/5)2

p’(1) = 113.5 fish/month
p’(10) = 403.2 fish/month

(1—59)(10,000)

t=5In19 = 14.72
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94.

100.

102.

(a) y, = 6.0536x + 97.5571
y, = 100.0751 + 17.8148 In X
Y5 = 99.4557(1.0506)%
y, = 101.2875x0.471

(b) 10

(c) The slope of 6.0536 isthe annual rate of changein
the amount given to philanthropy.

(d) For 1996, x = 6 and y,” = 6.0536, y,” = 2.9691,
ys =~ 6.6015, y,” = 3.2321.
Yy isincressing at the greatest rate in 1996.

A f %8y 1| 10t | 102 | 104 | 10
1+ x*x| 2| 2594 | 2.705 | 2.718 2.718
.
20
10
t 0 1 2 3 4
y | 600 | 630 | 661.50 | 694.58 | 729.30
y = CK)
Whent = 0, y = 600 C = 600.
y = 600(k")
630 661.50 694.58 729.30
600~ 1% Ta3g 105 ga150 = 105 Goasg = 1
Let k = 1.05.
y = 600(1.05)t
True. 104. True. 106. True.
f(e™h) —f(@)=Ine*t —Ine" d”y:Cex f(x) = gx)ec=10
dxn
=n+1-n g(x) = Osincee* > Ofor al x.
=1 =yforn=1,223,. ..
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108. y = xsinx
Iny = Inx8"* = s&inx - Inx
L sinx<1> + cosx + Inx
y X
y’ —xsnx[s'x + cosX - Inx]
a T
a(2.2)
=R {3
Y _'<2> [ w2 23
ml 2 _
;i;+ﬂ—1
ine v— T — _m
Tangent line: y > 1<x 2)
y =X
Section 5.6  Differential Equations. Growth and Decay
Y _, dy X
2.dX—4 X 4. ax =4-y 6. y—3y
cla o= ax- X dy _ 3y’ = Vx
—j(4 X) dx = 4x 2+C 4_y—dx
f3yy’dx= f\/;(dx
[ [-o
ﬂz _ g 3/2
Inj4 —y|dy = —x+C, 3G
4—y=e*C=Ce* 9y? — 4x¥2=C
y=4- Ce*
8. y' =x(1+y) 10. xy + y’ = 100x
y' « y’ = 100x + xy = x(100 — y)
1+y ’
y y
100 — y

d

y

dy _
1+y

In1+y) =

y _
Jl+ x—jxdx
—fxdx
2
+C,

1+ y = e(><2/2)+c1
y=¢ere¥2 -1
=Ce’2 -1

Ji =y e
Jim =y~ Jro

—In(100 — y) =

—+cl

X2
_E — Cl

100 —y = e /2

In(100 — y) =

—y=¢e%e*2 - 100
y = 100 — Ce™¥/2
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P _ 10— ay o —
12. e k(10 — t) 14. i kx(L —y)
P = - 1 ody_
Jdtdt—fk(lo t) dt Ly
__k 2 1 ody
fdP——Z(lo—t) +C fL_dedX— ko dlx
Kk 1 _ kx?
P:—E(lo—t)z—i-C jmd 7+C1
2
=In(L —y) _ ke C,
2
L — y = e—(kx?/Z)fcl
—y=—L+ e Ceh?
y =L — Ce¥2
s (03]
16. y g _ <
6. (@ 4 () 5= (05
d = xdx
X2
In|y| = E +C
y = ex2/2+C — C1e>(2/2
1\ 1 1 1
) = = == — @2
(0, 2). > C,e® C, > y 2eX
dy_ _3 dy_3
18. i t, (0, 10) 15 20. i a2y (0, 10) 40
(0, 10)
fdy= —%ﬁdt fﬁ':ﬁdt
1 0 10 y 3 . _'_'_'_,/(O’ 10) 5
y=—§t3/2+C -5 Iny:Zt+C1 -5
— g3/at+C,
10=-t0opz+c  c=10 Y
2 = C1 g3/t = Cedt/4
y= _%t3/2+ 10 10=C C=10
y = 10e?/4
dN dP
22, E_kN 24, E—kP
N = Cé¢ (Theorem 5.16) P = Ce® (Theorem 5.16)
(0, 250): C = 250 (0, 5000): C = 5000
) _ _ 400 8 ) _ -
(1, 400): 400 = 250€¢ k= Inﬁ =In 5 (1, 4750): 4750 = 5000€* k In(20>

Whent = 4, N = 250¢/n(®/5) = 250gn®/5"

8\* 8192
—250<5> =5

Whent = 5, P = 50008"19/20/(5)

19\
= 5000< 20) ~ 3868.905
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26. y = Ceék, (0,4), (5, %) 8. y=Ce (3. %) 45
C=4 % - Ce
y = 4ed
5= Ce*
1 = 4k 1
2 2Ce* = = Cet
_In(1/8)
k = 75 = 0.4159 lOeBK — e4k
y = e~ 04159t 10 = &
k = In10 =~ 2.3026
y = Ce2-3026t
5 = Ce23026(4)
C =~ 0.0005

y = 0.000523020

d 1
%0. ylzayzky 32'%:?‘23’
% > Owheny > 0. Quadrants| and Il.

34. Sincey = Cglin1/2/16201t e have 1.5 = Cgl!n(1/2)/1620](1000) C ~ 2.30 which implies that the initial quantity is 2.30 grams.
When t = 10,000, we have y = 2.30gl!n(1/2)/1620](10,000) ~ (.03 gram.

36. Sincey = Celln1/2/5730}t e have 2.0 = Cgl!n(1/2)/5730](10,000) C ~ 6.70 which implies that the initial quantity is 6.70
grams. When t = 1000, we havey = 6.70¢[!n(1/2/5730(1000) ~ 5 94 grams.

38. Sincey = Cd'n(1/2/5730t \ye have 3.2 = Celin(1/2)/5730J1000  C ~ 361,
Initial quantity: 3.61 grams.
Whent = 10,000, we havey = 1.08 grams.

40. Sincey = Celin(1/2/24.3601 e have 0.4 = Cdl!n(1/2)/24,360](10,000) C =~ 0.53 which implies that the initial quantity is 0.53
gram. When't = 1000, we have y = 0.53¢Hn(1/2)/24.360](1000) ~ (0,52 gram,

42. Since% =ky, y=Celory =yt 44. Since A = 20,000e”%5%, the time to double is given by
X 40,000 = 20,0006>%55 and we have
%yo — y0é730k 2 — eD.055I
In2 In2 = 0.055t
K= ~5730 In2
t= oo ~ 126years
0_15y0 — yoeﬁfln 2/5730)t '

Amount after 10 years:

_(n2k A = 20,00060959/10 ~ $34,665.06

5730

~ 5730In0.15
In2

In0.15 =

t= =~ 15,682.8 years.
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e o = 0,
5 0.1386 = 13.86% 10

46. Since A = 10,000et and A = 20,000 whent = 5, we 48. Since A = 2000€* and A = 5436.56 whent = 10, we
have the following. have the following.
20,000 = 10,000e™ 5436.56 = 2000e'*r
_1In2 = In(5436.56,/2000) ~ 01

0 = 10%

Amount after 10 years: A = 10,000€("2)/5](10) = $40,000 The time to double is given by
4000 = 2000e0-10t

In2
t= 010~ 6.93 years.

(12)(40) (12)(25)
50. 500,000 = P(l + %> 52. 500,000 = P(l + @>
12 12
- —480 ~300
P = 500,000(1.005) $45,631.04 b 500,000( 1. %>
~ $53,143.92
0.06\ 35t
54. (3) 2000 = 1000(1 + 06" (©) 2000 = 1000(1 ; %)
2 =106 365t
2= (195
In2 = tInl1.06 365
In2 0.06)
= ~ 11. In2 =365tIn(1 + ——
In1og ~ Lo0yeas ( 365
1 In2
0612t t=—— 12 1155
(b) 2000 = 1000(1 + %% 365 0.06 years
12 In(1+ -
365
12t
2= (1 + %) (d) 2000 = 100062%!
2 — e0.0Gt
0.06
In2 = 12t|n<1+6> In2 = 0.06t
1 In2 In2
— ~ t = —— = 11.55years
t B |n(1 A %> 11.58 years 0.06 y
12
0.055) 365t
56. () 2000 = 1000(1 + 0.055)" (¢) 2000 = 1000(1 N ﬁ)
2 = 1.055t 0 055 365t
2= (1 + —)
In2 = tIn1.055 365
In2 0.055>
= ~ 12 In2=365tInl1 + ——
U= n10s5 ~ L29years ( 365
0.055)12 _ 1 In2 -
(b) 2000 = 1000(1 + T) t=gs o og5\ = 1260 years
In(1 + 365
o (g, 00552
= 12 (d) 2000 = 1000e”055t
. 2 = o055t
In2 =12t In(l + %)
In2 = 0.055t
1 In2
t=—— % ___ ~1263years _In2 _
t 0.055 12.60 years

12 In(l + 0.055)
12



526  Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

58. P = Cekt = CePost
P(—1) = 11.6 = CeP®I-D  C = 11.9652
P = 11.9652¢P051
P(10) ~ 1631 or 16,310,000 peoplein 2010

62. (3) N = 100.1596(1.2455)!
(b) N = 400 whent = 6.3 hours (graphing utility)
Anayticaly,
400 = 100.1596(1.2455)!

400
= =
1.2455 100.1596 3.9936

tIn 1.2455 = In 3.9936
_ In3.9936

t = In12455 6.3 hours.
66. (a) 20 = 30(1 — e3%)
30e3% = 10
_In1/3) _ -In3
k= 0~ 30 0.0366

N = 30(1 — e—o.osset)
68. S= 25(1 — &)
4
= _ & ek _
(@ 4=25(1-ev) 1-e= &
(b) 25,000 units (tlim S= 25)

(c) Whent = 5, S= 14.545 which is 14,545 units.

70. (8) R = 979.3993(1.0694)t = 979.3993¢"0671t

60. P = Cet = Ce 0004
P(—1) = 3.6 = Ce 00041 C = 3.5856
P = 3.5856e~0.004
P(10) = 345 or 3,450,000 peoplein 2010

64. y = CeX, (0, 742,000), (2, 632,000)
C = 742,000
632,000 = 742,0006%
k = 1n(632/742) ”(6322/ 2) _ 00802

y ~ 742,000 00802
When't = 4,y ~ $538,372.

(b) 25 = 30(1 — e~00366t)

1
00366t — =

6
—In6

= 00366~ 00s

k= |n<§) ~ —0.1744

25

(d) 25

| = —0.1385t* + 2.1770t3 — 9.9755t2 + 23.8513t + 266.4923

(b) 2000

/

(¢) s

Rate of growth = R'(t) = 65.7e>0671t

@ PO - &

1
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72. 93= 10I0910ﬁ = 10(log,, | + 16) 74. Since% = k(y — 80)
—6.7 = logy, | | = 10767 1 B
y— 80 dy = [kadt

|
80 = 1010937555 = 10(I0g;e | + 16) In(y — 80) =kt + C

—8=log, | | =108 Whent = 0,y = 1500. Thus, C = In 1420.

-67 _ 10-8 _ _
Percentage decrease: <710 10_6‘71 0 )(100) ~ 95% Whent = 1,y = 1120. Thus,
k(1) + In 1420 = In(1120 — 80)
104
k =1n1040 — In 1420 = Inm.
Thus, y = 1420gn104/142)1t 4 g,
Whent = 5,y ~ 379.2°.
76. True 78. True

Section 5.7  Differential Equations: Separation of Variables

2. Differential equation: y’ = Xzziyyz
Solution: x2 + y2 = Cy
Check: 2x + 2yy’ = Cy’
, =2
Y "y-0
—2xy —2xy — 2y 2xy

Voo T ry) Yo Ry
4. Differential equation: y”+ 2y’ + 2y =0
Solution: y = C,e"*cosx + C,e *sinXx
Check: y’= —(C, + C)e*sinx + (—C, + C,)e > cosx
y”=2C,e*sinx — 2C,e ¥ cosX
y’+ 2y’ + 2y = 2C,e*sinx — 2C,e *cosx +
2(—(C; + Cye*sinx + (—=C; + C,)e*cosx) + 2(C,e *cosx + C,e *sinx)

= (2C, — 2C, — 2C, + 2C,)e *sinx + (—2C, — 2C, + 2C, + 2C,)e X cosx = 0

6. y=5>+e)
y' =5(-2e >+ &)
y'=3(4e > + &)
Substituting, y” + 2y’ = 2(4e 2 + &) + 2(2)(— 2672 + &) = 2¢.
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In Exercises 8-12, the differential equation isy® — 16y = 0.

12.

y = 3c0s2x
y“@ = 48 cos 2x
y@ — 16y = 48 cos2x — 48 cos2x = 0,

y = 3e* — 4sin 2
Y@ = 486 — 64sin 2x

Yes.

y@ — 16y = (24e* — 64 sin2x) — 16(3e* — 4sin2x) = 0,

In 14-18, the differential equation isxy’ — 2y = x3~.

14.

18.

20.

24.

26.

y = X%, y’ = X2 + 2xe = e(x% + 2x)
Xy’ — 2y = x(€(x® + 2x)) — 2(x%e) = x3¢,

y = X% — 5xX2,y’ = X% + 2xe¢ — 10x

Yes.

Xy’ — 2y = x[x%e* + 2xe* — 10x] — 2[x%e‘ — 5%7] = X%,

y = Asin ot
2
% = —Aw? Sin ot

Since (d?y/dt?) + 16y = 0, we have
—Aw? Sin wt + 16Asin wt = 0.

Thus, @? = 16 and w = +4.

Differential equation: yy’ + x =0
Genera solution: x2 +y?=C
Particular solutions: C = 0, Point

C=1,C =4, Circles

Differential equation: 3x + 2yy’ = 0

Generd solution: 3x2 + 2y = C

6x + 4yy’ =0
23x + 2yy) =0
X+ 2yy'=0

Initial condition:

y(1) =3 3(1)2+2(32=3+18=21=C

Particular solution: 3x2 + 2y? = 21

10. y=5Inx
30

9 - X

y x4

Y@ — 16y = —%—80Inx;E 0,

Yes

16. y = sinx, y’ = cosX

xy’ — 2y = x(cosx) — 2(sinx) # X3,

Yes.

22. 2x? — y? = C passes through (3, 4)
209 —-16=C C=2

Particular solution: 2x2 — y2 = 2

No.

No.
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28. Differentia equation: xy” +y’ = 0 Initial conditions: y(2) = 0, y(2) = %
General solution: y = C; + C,InXx 0=C, +C,in2
1 1
[ - " — il C
y C2<X>’ y CZ(XZ) y’ = 72
" ’ l 1
xXy”+y :X<7C2?)+C2;:0 1 C2
EZ? C2=1,C1=7In2
Particular solution: y = —In2 + Inx = Ing

30. Differential equation: 9y” — 12y’ + 4y = 0
General solution: y = €2/3(C,; + C,X)

y’ = %eZX/S(Cl + CX) + C,e2/3 = e2x/3(§cl + G+ %C2X>
y’ = geZXB(%Cl +C,+ §C2X> + ezx/%cz = %ezx/3<§C1 +2C, + %CZX)

Oy — 12y’ + 4y = 9<§e2x/3)<§c1 L 2C, + %CZX) - 1z(e2x/3)(§ C,+C,+ %CZX) + 4@3)(C, + C,)) = 0

Initial conditions: y(0) = 4, y(3) =0
0= €(C, + 3C,)
4=(1(C,+0 C, =4

0-e@+3C) C- -3

Particular solution: y = e/ 3(4 - §X>

[ dy_ ¢

32. dx XX 34 dx 1+ ¢
x4 e

- 3 _ 2 o = =

y f(x 4x) dx 1 22+ C y f1+e>(dx In1+¢e&)+C
36.g=xcosx2 SS.Q:tanzx=seczx—l

dx dx

y=fxcos(x2)dx=%sin(x2)+c y=j(sec%—1)dx=tanx—x+C

(u=x2 du= 2xdx)

40-:*i:x\/sfx.l_etu:\/ﬁ,uZ:S—xldxz—ZUd“

y=fx\/S—xdx=f(S—uz)u(—Zu)du

= f(—lOu2 + 2u%) du

—10u® = 2u®
= + =+
3 5 ¢

= -5 - 092+ 25— x4 C
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diyf —X/2 d7y:X2+2
4. . =5e 44. X 32
1
y= fSe*x/zdx = 5(—2)fe*></2<—5) dx JSy2 dy = J(x2 + 2)dx
— —10e%/2 3
46. g—rs=o.oss 48. xy'=y 50. y%=6005wx
Jdr =f0.055ds %=f% jydy:f6c037rxdx
[ = 002582 + C Iny =Inx +InC = InCx yg:%gnwﬁcl
y = Cx
y2=ESin 7x + C
aw
dy dy
2 _ o — =
52. /x2—9 i) 5. 4y =3
Jd =fidx J4 dy—JSexdx
O BV Y
y=5x—-9%2+C 2y2=3e+C
56. VX + Jyy' =0 58. 2xy’ — Inx2 =0
fyl/zdy=—fx1/2dx 2x%=2|nx
In x
2= -2+, de: deX
V32 4+ x32 = C :MJrC
2
Initial condition: y(1) = 4, y=22=C
402+ (1)¥2=8+1=9=C 1
— = 2
Particular solution: y¥/2 + x3/2 =9 y= 2(Inx) 2
sdy 5 a
60. yv1—x &—x\/l—y 62. Es_é 2s
f(l — y)"2ydy = J(l — X))~ V2% dx fe—rdr = fe—ZSds
(1 —\v2)1/2 — (1 — y2)1/2
(L— Y2 = —(1 - X2+ C e demic
y(0) = 1: 0=-1+C c=1
1 1
l_y2: 1-x2—-1 I’(O):OZ *1:*E+C C:*E
1 1
—r — _ a2 _ —
€ 2772
1 1
— — —a—2s =
e £E+3

-r= In(le‘25 + 1) = n(l - eizs)
2 2 2

r= In(é)
1+e>
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64. dT + k(T — 70)dt = 0

dr
JT—?O__ Jdt

In(T — 70) = —kt + C,
T—70=Ce™

Initial condition: T(0) = 140;

140 -70=70=Ce®=C
Particular solution: T — 70 = 70e®, T = 70(1 + ™)

I
fdg': dx
y X
Iny=Inx+ C,=Inx+ InC = InCx
y = Cx
72, f(xy) =7X2XyTy2
txty

(o) = ey 2ye
oty Xy
! X2 +y?

tUx2 +y?

Homogeneous of degree 1

76. f(x,y) = tan%
Y Y
f(tx, ty) = tan x tan ™

Homogeneous of degree 0

L4y
78,y = Xy?

xy2dy = (x® + y3) dx
y=vx, dy=xdv+ vdx
X(vx)2(x dv + vdx) = (x3 + (vx)®) dx

x*v2dv + x3v3dx = x3dx + v x3dx

Xv2dv = dx
fvzdv= J}dx
X
gz In|x| + C

y® = 3CIn|x| + Cx®

6. N_V

dx  3x
3 2
f;dy— f;dx
Iny®=Inx?+InC
y3 = Cx?
1

Initial condition: y(8) = 2, 28 = C(8?), C = 3

Particular solution: 8y® = X2, y = %x2/3

70. (X, y) =x3 + 32 — 22
ftx, ty) = 3 + 3t%y2 — 2132

Not homogeneous

74, f(xy) =tan(x +y)
f(tx, ty) = tan(tx + ty) = tan[t(x + y)]

Not homogeneous

X2 + y?
80. I = Y = VX
y 2xy y
V+X@:x2+v2x2
dx 2x2v
2
2vdx + 2xdv = 1J:/V dx
2v dx
fvz—ldv__ X
C
In(v2—1)=—lnx+InC:In;
vio1="S
X
2, _C
X2 ! X
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+
82. y’:L 3y,y:vx
X
v+xd—v=mz2+3v
dx X
VL Py v _ |
dx 1+v X
In1 +v| =Inx2+InC = InxC
1+v=xC
1+ Y=
X
Y_xc-1
X
y=0Cx®—x

86. (2x2 + y?) dx + xydy =0
Lety = vx,dy = xdv + vdx.
(2x2 + v2?) dx + x(vx)(xdv + vdx) = 0
(2x2 + 2x2v?) dx + x3vdv =0
(2 + 2v?) dx = —xvdv

\Y

1+v2dv

24k =
X

1 2
—2Inx:§In(l+v)+C1

Inx2=1In(1+ v3®¥2+InC

x2=C(1 + v?)1/2

l_ f)l/z_g 2 2\1/2
Xsz<1+X2 —X(x +y?)

% = C(@ + y2)1/2
yl)=0:1=C1+0 C=1
= ey

X
1=xV%%+y?

84.

—y2dx + x(x + y)dy = 0,
—X2v2dx + (x2 + x2v)(vdx + xdv) = 0
fl+vd _[dx
v X
v+inv=—Inx+InC, = In—
v=In-2
v
a_y,
VX
&:ey/x
y
y = Ce /X

Initial condition: y(1) = 1,1 = Ce?

Particular solution: y = et —¥/x

y = VX

C=e
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dy _ _ y
90. 5 = 025x(4—y) 8
W o5k
4_y 4
f*‘iy4=f—0.25xdx
y PR S DR
_2+
= :—%fxdx
1
In|y—4|:—§x2+(31

y — 4 = ele(l/S)xz = Ce*(l/S)XZ

y =4+ Ce /o

dy_,_ _ dy _ - -
%2 o =2-yy0) =4 9. = 02x2-y),y0) =9
9 10
LR B ) 7 L
AU OARMIL W W W [ SO
\\\\\\\\\\ A S S
v AW W rr o LU
e e e e e P e e /\
I PR A A VAN A [ P Al 5
-1 0
dy _ - dy _
9. 5 = kyy = Cet 98. = kix—4)
Initial conditions: y(0) = 20,y(1) = 16 The direction field satisfies (dy/dx) = 0 dong x = 4
20=Ce=C Matches (b).
16 = 20e*
4
k=1In 5
Particular solution: y = 20¢tn(4/5)
When 75% has been changed:
5= Zoetln(4/5)
1 — atIn(4/5)
2 é
_In(1/4)
t= In(4/5) 6.2 hr
dy 2 .
100. ax ky 102. From Exercise 101,
= —_ —kt =
The direction field satisfies (dy/dx) = 0 dlongy = 0, and w=1200 - Ce™ k=1
grows more positive as y increases. Matches (d). w = 1200 — Ce!

W) =w,=1200 - C  C= 1200 — w,
w = 1200 — (1200 — wy)e™t
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104. Let the radio receiver be located at (X, 0).

Thetangent linetoy = x — x2joins(—1, 1)
and (x,, 0). 2t
Transmitter
(G
-\1”
D
-1 xlF\zlox
(@) If (%, y) isthe point of tangency onthey = x — ¥2, (b) Now let the transmitter be located at (—1, h).
then
1_2X_y—h_x—x2—h
172X:y—1:x—x2—1 Tx+1 x+1
X+ 1 X+1
X—2x24+1—-2x=x—x>—h
X—2¢+1-2x=x—-x-1
¥+2x—h-1=0
XX+2x—2=0
x:(_zi‘/4+4(h+l))
X_<2ig4+8>__1+vg 2
=-1+2+h
y=x-x=3/3-5 ,
y=X—X
1-0 1-3/3+5 6-3/3
Then = = =3J2+h—-—h—-4
“1-% -1+1-J3 -3
V3= (1+x)(6~-3/3) Then =0 _h-(3/2+h-h-4
l_l_ __ _(_
=6 3.3+ %6 — 3/3) % —1-(-1+.2+h)
43— 6 2h+4-3/2+h
="Y= =~ 1155 N
6 — 33
+t1_ J2+h
© h 2h+4-3/2+h
hy2 + h

= -1
T ohtr4a-3/2+h

0.25: 3

-2

There is avertical asymptote at h = %, which isthe
height of the mountain.

106. Given family (hyperbolas): x2 — 2y?=C 108. Given family (parabolas): y? = 2Cx
2X—4yy’ =0 2yy’ = 2C
X ,,E,Vj(é),l
Y Ty YTy Ty T
. -2y . S , 2X
Orthogonal trgjectory:  y’' = — Orthogonal trajectory (ellipse): y' = Y

X

j%=—J§dx fydyz—fodx

Iny=—-2Inx + Ink 5= —Xx2 + K,
ezl
y= T 2x2+y?=K

%
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110. Given family (exponential functions): y = Ce*

Orthogonal trajectory (parabolas):

y =Ce=y
y ==
y

oo

NS

Y

_fdx

X+ K;

—-2x + K

112. The number of initial conditions matches the number of
constants in the general solution.

116. True
&
= x= 2+

118. True
X2 + y2 = 2Cy
iy: X
dx C-y

X K=x_Kx—=x_ 2Kx—2¢& x+y?—-2¢ y>—-x_

X2 +y? = 2Kx

dy K-x

dx y

114. Two families of curves are mutually orthogonal if each

curve in the first family intersects each curve in the

second family at right angles.

C-y 'y Cy-y? 2Cy—-2y2 x+y2-22 x—y2

Section 5.8

2.y = arccosx

-1

Inverse Trigonometric Functions: Differentiation

@
X -1 -0.8 —-0.6 -04 -0.2 0 0.2 04 0.6 0.8 1
y 3.142 2.499 2.214 1.982 1772 | 1.571 | 1.369 | 1.159 | 0.927 | 0.634 | O
(b) y (© - (d) Intercepts: (0, g) and (1, 0)

6. acsin0 =0

No symmetry
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T 57
8. arccos0 = - 10. arc cot(— /3) = o

12.

18.

20.

22.

26.

30.

(a tan(arccos\/7§> = tan(%) =1

V2
V2
3 V34 5
€) sec[arctan( 5)] =5
-3
N
y = sec(arc tan 4x)
V1+16x2
6 = arctan 4x -
y=sech= 1+ 16x° 1
y = sedfarcsin(x — 1)]
1
y = sec 0 = 1 2% - x2

V22X — %2

<+

-5

Asymptote: x = 0

X
arccos—- = 6
2 2
A “r
Ccos 0 =

V4 — X2
X

N | X
x

tan 0 =

14. arcsin(—0.39) =~ —0.40

16. arctan(—3) = —1.25

.5 12
(b) cos(arcsml—3> =13

(b) tan[ arcsi n( -

6 11
6 -5
24. y = cos(arccot X) i
0 = arccot X 1
0 X ”
=C0Sf = ———
y I+ 1
28. y= cos(arcsinx ; h) /
. X—h
6 = arcsin VI2- (x-hy?
2 _ _ 2
y=cosf = 7\/r x=h)

r

32. arctan(2x — 5) = —1
2X — 5 = tan(—1)

X = %(tan(—l) + 5 ~1721

x-h
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34. arccosx = arcsec X

X = cos(arcsec x)
X==
X
1

X =1
Xx=zx1
36. (@ arcsin(—x) = —arcsinx, [x| 1.

Lety = arcsin(—x). Then,
—X=sny X= —siny X = sin(—y).

Thus, —y = arcsin x y = —arcsin x. Therefore,
arcsin(—x) = —arcsinx.

38. f(x) = arctan x + g

x:ta<y4—g) ///——_
Domain: (—oo, oo) J

o 42 | 2 4 b
Range: (0, m)

f(x) is the graph of arctan x shifted /2 units upward.

42. f(t) = arcsint?

2t

Ve

46. f(x) = arctan /X

0= (53005~ s e

50. f(x) = arcsinx + arccosx = 7—27

f(x)=0
54. y= % X4 — X2 + 4arcsin<g>]
P I TP e TP S
2|72 JI— (x/2)72
1| - 4
==+ VA ——
2| Va-¥ N7 x2}

= J/4-x

|

(b) arccos(—x) = 7 — arccosx, x| 1.

Lety = arccos(—x). Then,

—X = cosy X = —Cosy X = cos(7 — ).

Thus, m — y = arccos X y = 7 — arccosXx.
Therefore, arccos(—x) = 7 — arccos X.

40. f(x) = arccos(%) y

= cosy \
X = 4 cosy \
Domain: [—4, 4] bt i

t t t t
-6 -4 -2 2 4 6

Nx

Range: [0, 7]

44. f(x) = arcsec 2x

2 1
12X V/BE -1 |x|/42 — 1

f(x) =

48. h(x) = x2 arctan x
2

h(X) = 2xarctanx+m

52. y=In(t? + 4) — 1arctan1

2
211 <;>
Y =e+a 2 (%22

2
2t 1 -1

TP+4 2+4 £r4

56. y = xarctan2x — %In(l + 4x?)

dy 2 1( 8x

o 1 ae " ACen) — T

) = arctan(2x)



538 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

_ inX _ v /5B e _ x__ 1
58. y = 25arcsin 5 X/25 — X 60. y = arctan 2 2@+ 4)
y = 51 /25— xi(25 - x)1/2(—2x) y = 11 L+ a2
V1 — (x/2)? 2 21+ (x/2? 2
_ 25 (25— N X2 2 N X
25 — X2 25 — X2 25 — X2 TR+ 4 @+ 42
-2 _22+8+x
J25 =2 0& + 4)?
62. f(x) = arctanx,a= 1 it ()
/| — 1 E f
¥ = 1+ % 7
¥ — _2X % "
f(x) = m \PZ(X)
P = (D) + DX — 1) = 7 + %(x —)
Py = F(1) + (DX — 1) + SH(Dx — 12 = T + Tx — 1) — L(x — 1)2
2 4 2 4
64. f(x) = arcsinx — 2x 66. f(x) = arcsinx — 2 arctan x
1 1 1 2
f(x) = ———=—2=0when /1 - x2=Zor (x) = - =
W V1-x 2 P e 1+x 0
X=i§. 1+x=2/1-x
y 1+ 2@+ X =41-x)
f”(X)=m x*+6x2—-3=0
= +0.681
f”<\/§) . 0 X=x
2 By the First Derivative Test, (—0.681, 0.447) is arelative
Relative minimum: (@ -0 68> maximum and (0.681, —0.447) is a relative minimum.
i
” \/é)
f (— > <0
Relative maximum: <—§ 0.68)
68. arctan 0 = 0. wisnot in the range of y = arctan x. 70. The derivatives are algebraic. See Theorem 5.18.
X 750
72. (4) coth = 3 74. cos 6 = e s
750
0= arccot(g) 0= arccos<?) —
do -3 dx do _do ds_ —1 /—750>d£
® G =%t od dt  ds dt  /T— (750/92\ & Jdt
do _ 70 ds
If x =3, % ~ 66.667 rad/hr.

A lower dtitude results in a greater rate of change of 6.
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76. (8) Lety = arcsinu. Then

sny=u u
cosy-y’ =u o
dy u’ u’

dx cosy J1-—2

(c) Lety = arcsecu. Then

secy = u Ny
secytany%:u/ 1
dy u’ u’

dx  secytany  |u V- 1

Note: The absolute value sign in the formula for
the derivative of arcsec u is hecessary because the
inverse secant function has a positive slope at every
valuein its domain.

(e) Lety = arccot u. Then

V1+u?
coty =u 1
dy
— 2v—2L — (1’ u
CSC ydx u
dy W u’

dx fcsczy: 1+ W

78. f(x) = sinx
g(x) = arcsin(sin x)
(@ Therangeof y = arcsinxis—#/2 y

(b) Maximum: /2

/2.

Minimum: — /2
80. False

Therangeof y = arcsinxis[—g, 7—27}

Section 5.9
3 32
2 fﬁdx’zjmdx 2

4 4 3 4
6 fmdx—gfmdx—éam”(?’x) e

10. J; dx = éarctan(x —1

4+ x— 12 ™73 2 >+C

= §arcsin(2x) +C

(b) Lety = arctanu. Then
Vi

tany =u u
@_ ’ 1
seczydx— u
@_ u/ _ u/
dx sy 1+
(d) Lety = arccosu. Then

cosy =u Vi-w?

fdny& =u’

dy u u’

dx  sny

(f) Lety = arccsc u. Then
ccy=u 1

dy ’

—CSCyCOty&:LI V-1
@: u’ _ u’
dx  —cscycoty  |ul Vw2 — 1

Note: The absolute value sign in the formula for the
derivative of arccsc u is necessary because the inverse
cosecant function has a negative slope at every valuein
its domain.

82. False

2
arcsin?0 + arccos?0 = 0 + (7—27) #1

Inverse Trigonometric Functions: Integration

fl 1 d [ T T
4, | —=dx=|acinz| ==
o V4 =X X 20 6

3
1 1 x[? T
8 L§9+x2dx_ [3ar°tan3]¢§_ 36

-1 — 2 _ _13_
12.JX2+1dx—j(x 1)dx—3x X+ C
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14. Letu = t2 du = 2t dt.
t g if 1
t4 + 16 2] (42 + (t?)2

2

1 t
(2t) dt = garctanz + C

1
18. Letu = arccosx, du = —————=dx.
17X2 0 0
12 12 f X _lj 1
arccos X —arccos x dx = (2x) dx
———dx= — —"dx _ s l+x 2] =21+ x2
o J1-x 0 J1-x = V3
_ 1 0
1v2 =[ZIn(1+ 2] =-In2
= [—larccoszx] _3m 0.925 [2 N1 +>¢) -3 :
2 0 32
2 2
1 1 1 x—2\]2_ 3«
2 | 5 dx= dx—[—arctan( )] =
L?HL(X—Z)2 L(\/é)2+(x—2)2 /3 J3/h 18
24 ﬁ/zﬁdx = arctan(sin x)]W/2 - 26 $dx u= Vxdu= idx dx = 2udu
")y 1+ smx o 4 “JoUx@+x) ' 2Jx
3( 2udu du
Efu(l+u2)_3f1+u2_samtanu+c
= 3arctan/x + C
ax + 3 —2X 1 .
28, | —dx=(—2)|—=dx+ 3| —dx=-4J1— x* + 3acsinx+ C
V1-x ( )f\/l—xz J“/l—x2
X—2 1 2X + 2 3
%0. J(x+1)2+4dx_2f(x+1)2+4dx_j(x+1)2+4dx
_ 1 _3 x+1
—2In(x + 2x + 5) 2arctan( 5 )+C
32 i o = ’ o =[1arctan<x+2>]2 =1arctan<ﬂ>
T+ 4x+13 | ,(x+22+9 3 3 /12 3 3
2xX—5 _ 2X+ 2 _ 1 _ ’ _
34. fx2+2x+2dx—sz+2)(+2dx 7J71+(X+1)2dx—ln|x +2x+ 2| — 7arctan(x + 1) + C

2 B 2
36'J fx2+4de_J 4f(x2f4x+4)dx
_ 2
_f -2

>2)+c

= 2arcsin<x

1 B 1
0. f(x— N f(x— D/x-17-1

16. Letu = X3, du = 2x dx.

1 1 1
———dx == | ————(2x) dx
fx\/x4—4 zfxz\/(xz)z_zz( )
1 X2
—4arcse02 +C

20. Letu =1+ x4 du = 2xdx.

38. Letu = x> — 2x,du = (2x — 2) dx.

J x—1 dx:%f(xz—ZX)‘l/Z(Zx—Z)dx

X — 2X

X2 —2x+ C

dx = arcsec|x — 1| + C



Section 5.9 Inverse Trigonometric Functions: Integration 541

42. Letu = X2 — 4,du = 2x dx.

X2 —

S T
9rec_x 2] /B-_oe_az 299N s

4. Letu= /x— 2,12+ 2 = x, 2udu = dx

VX — 212 2W@W+6-6, 1
fx+1 @+ 39 B+ MT2jA-6f g

X—2
—2u- 8 gL+ c=2/x—2- 2/3actn +C
V3 V3 3
46 Thetermis<§>2:9' X2+ 3x =X+ 3x+g—9— (x+§>2—9
' 2 4 4 4 2 4
48. (a) f e dx cannot be evaluated using the basic integration rules.

(b) Jxexzdx=1e*2+Cu=x2 1 1
2 ' (c) f?el/xdx=—e1/x+c,u:;

50. (& f 1 +1 @ dx cannot be evaluated using the basic integration rules.

X 1 2X 1
=z|—=2 _dx== 2 = x2
(b) J1+X4dx 2f1+(x2)2dx 2arctan(x)JrC,u X

X3 _ipae 1 4 _ 4
(c)f1+x4dx—4f dX—4In(1+x)+C,u—1+x

1+ x4

3 O R 3

(b) % = x/16 — y2, (0, —2)

dy _
167y2_XdX
2
arcsin(%>=xz+c

0, —2): arcsin(—%) =C C=—
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1 1
1 X 7 .
56. A= | ——=dx = [arcsmf] =— 58. Jarcsnxdsz.S?l
J(; /4 — X2 2lo 6 0

~l
I

N|
|

..

Nl
Nl

1 X+2 2
60. F(x) = Ef mdt
X

(8 F(x) represents the average value of f(x) over theinterval [x, x + 2]. Maximum at x = —1, since the graph is
greatest on[—1, 1].

(b) F(x) = [arctan t]Hz = arctan(x + 2) — arctan X

von 1 1 A+ - (R+4x+5) —4(x + 1) _ _
P = T 127 142 @+ DR+ 4x+5 0@+ D@+ axt 5  owhenx=-1
1
62. | ———dx
J\/Gx - x2
@6x—x=9—-(x—-6x+9 =9—(x— 3?2 (© 4
Yo
1 dx . (x—3 Vi
——dx = 7:arcsm<7>+c /
fm f\/79—x—3)2 3 S —
"
(b) u= /X U2 =x 2udu = dx -~
B u Ix The antiderivatives differ by
f\/(i — 2u du) = f\/ = du = 2arcsm(\/6) +C= 2arcsm<\/6> +C a constant, /2.
Domain: [0, 6]
X
64. Letf(x) = arctanx — 1+
1-—x2 2x2
0= 175 TR @ o 0frx>o t
sl
y3
Sincef(0) = Oand fisincreasing for x > 0, arctan x — 1 J):Xz > 0forx > 0. Thus, AT
sl
X 2+ y.
arctan x > 1+ N .
Yy
Let g(x) = x — arctan x ko6 8 0o
1 %

g/(X):l—m7m>0f0rX>0.

Since g(0) = O and gisincreasing for x > 0, x — arctanx > Ofor x > 0. Thus, X > arctan x.

Therefore,

< arctanx < X
1+ x2
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2. (@ cosn(0) = € 1

(b) sech(1) = P

1+ 5
2

6. () csch™(2) = In< > ~ 0.481

(b) coth-1(3) = %In(%) ~ 0347

l+cosh2x 1+ (e>+e /2 e&*+2+e2> [(e+e*

4. (8 snh™1(0) = 0
(b) tanh~(0) = 0

2 2 4

— aX — X _ a2
10.23inhxcoshx:2<ex € >(e><+e )Zezx €

2 2 2

2
) = cosh? x

= sinh 2x

ex=y/2 4 g=(x-y)/2

_ x+y)/2 —(x+y)/2
12. 2cosh<X ; y) cosh(X > y> = Z[e( re ][

|

e+ ey

2
[@+@+e*y+e*X
=2
4
= cosh X + coshy
1
14. tanhx—2
2
(%) + sech?x =1 sech?x = — sechx:§
coshx:izz—‘/:§
V3/2 3
1
COthX—m 2
o _(1\(2J3) _ /3
smhx—tanhxcoshx—<2>< 3 )— 3
cschx=i—\/§
J3/3

16. y = coth(3x)
y’ = —3csch?(3x)

20. y = xcoshx — sinhx

y’ = xsinhx + coshx — cosh x = xsinh x

e+ e
2 2

Putting these in order:

/3

sinhx:? cschx = /3
coshx=2—‘/3 sechx=£
3 2
1
tanhx=§ cothx = 2

18. g(x) = In(cosh x)

iy — L _
g'x) = o X(smhx) = tanh x

22. h(t) =t — cotht
h’(t) = 1 + csch?t = coth?t
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24. g(x) = sech? 3x

— 6 sech? 3x tanh 3x

30. f(x) = xsinh(x — 1) — cosh(x — 1)

f/(x) = xcosh(x — 1) + sinh(x — 1) — sinh(x — 1) = x cosh(x — 1)

f/(x) = 0 for x = 0. By the First Derivative

Test,(0, —cosh(—1)) = (0, —1.543) is arelative minimum.

32. h(x) = 2tanh x — X

2

(0.88, 0.53)

3 P 3
S

(-0.88, -0.53)

-2
Relative maximum: (0.88, 0.53)
Relative minimum: (—0.88, —0.53)

36. f(x) = coshx f(1) = cosh(0) = 1
f/(x) = sinh x /(1) = sinh(0) =
f7(x) = coshx (1) = cosh(0) =~ 1
P,(x) =f(0) + f(0)(x—0) =1

Po(x) = 1+ 3%

38. (a)y—18+25(:oshz—5 % x 25
0
e}
25 2
10
40Letu—\/)7<du—jdx
COS\h/‘/de—choshf<\/>dx—25|nhf+c

44, Letu=2x—1,du = 2dx

f sech?(2x — 1) d f sech?(2x — 1)(2) dx

_ %tanh(Zx “1+c

26. f(x) =
g’(x) = —2 sech(3x) sech(3x) tanh(3x)(3) f(x) =

gsinhx 28. y=sech(x + 1)

(cosh x)(esi"h %) y’ = —sech(x + 1) tanh(x + 1)

6

jI

l‘w{o, -1.543)

-2

34. y = acoshx

y’ = asinhx
y” = acosh X
Therefore, y” — y = 0.

f
B

(b) Atx = +25y = 18 + 25 cosh(1) ~ 56.577.
Atx =0,y =18 + 25 = 43,

©VY = sinh = R Atx = 25y’ = sinh(1) = 1.175

42. Let u = cosh x, du = sinh x dx.

sinh sinh x -1
jl Tanex X" fcoshzxdx_ coshx €

= —sechx + C

46. Let u = sech x, du = —sech x tanh x dx.

fsech3xtanhxdx = —fsech%(—sechxtanhx) dx

= f%sech3x+ C
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52.

58.

60.
62.

66.

X 1 —2x 1/1), |3 — ¥
8. fg—x“dx_ _2f9— o &= _2<6>'“‘3+ X2

1 + cosh 2x R | [ _x]“ .4
2 = [T 2= eR = dx= 2 = =
Jcosh X dx f > dx SO'JO\/ZS—deX arcsm50 arcsm5
1 sinh 2x
—§|:X+ 5 ]+C
1 1 .
=X+ = +
2x 4smh2x C
2
f 2 dx:zf ! (2)dx:—2In<1+7 V1+4X>+C
X1+ 42 (201 + (202 |2x]

. Let u = sinh x, du = cosh x dx.
cosh_x dx — arcsin(smh x) ‘e
J9 — sinh?x 3
—_ — X
= arcsin(ex 6e ) +C

y = sech~%(cos2x),0 < x < g

-1 2sin2x

— tanh-1 5)
56. y = tanh (2

,__ 1 /1>_ 2
y T1-(x/22\2) 4-x

2

I = ———(—2sin2x) =
y c0s2x/1 — oS 2x )

sincesin2x 0for0 < x < 7/4.
y = (csch 1 x)?

-1 )_—chchlx
[X|v/1 + X2 IX|v/1 + X2

y’ = 2csch™?! x(

y = xtanh 1 x + In/1 — x> = xtanh~1x + %In(l - X3

y' = X(l _1 x2> + tanh™1x + 1 sz = tanh™! x

Equation of tangent line through P = (x,, Yo):

y - asech*l% + Va2 - x? = —7'612)(;)(02& )
When x = 0,

y=asech*1%— a2 — x£ + Va2 — x,? = asech

Hence, Q isthe point [0, a sech~(x,/a)].
Distance fromPto Q: d = \/xoz + (—\/a2 - xoz)2 =a

:_imexz
12 |3 + x2

+C

cos 2x|sin 2| -

+C

coS2x 2886 2%,

64. See page 401, Theorem 5.22.
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70. Letu = x3/2,du = g\/;( dx.

Vx

22;3 :g' —1(y3/2 :g 3/2 3
TR 3J\/1+(x3/2)2< ﬁ)dx Sinh~16¢/) + C = 2132 + V1+¢) + C

2 3

- J dx _ dx
"X+ 2+ 4x + 8 x+2Jx+22+4

:;|n<z+m>+c

[x + 2]

1 _ 1
e f PERIN el f VTN oy
=if = dx=_i|n(‘/§+\/m>+c
V2l 9+ 12 + (V3P NG x+1

76. Letu=2(x — 1), du = 2dx.

1 2 1 |V3+ /4@ +8-1
y = dx = dx = ———=In +C
x—1DJ/—42+8x—1 2(X—1)\/(\/§)2—[2(X—1)]2 /3 | 2(x — 1)
1-2x 4 — 2x 1
78.y—f4X_X2dX—f4X_X2dX+3fde
3. |[x—2 -2 3 |x—-4
— — y2 = M = = — — y2 =
In|4x x|+4ln(x_2)+2‘+c In|4x x|+4ln ‘+C
2 5 6
80. A = [ tanh 2xdx 82 A= | —
J; J; r_‘ldx
2 _
_ e2x,e2x _ > :|5
_Liezu-efzxdx —[6In(x+ VX 4)3
17 1 o 3 /A )
—Eom(z)(e%—e ) dx =6In(5+ /21) — 6In(3 + /5)
1 2 5+ V21
= flne2X+e*2X] =6Inl———= | = 3.626
[2 ( )o <3+ J5>

_1 a4y _ 1
—2In(e4+e ) 2In2

—4
- In\/e4 +2e ~ 1654

84. (a) v(t) = —32t

(b) st) = fv(t) dt = J(—32t) dt = —16t2 + C

s0) = —16(0)2+ C =400  C = 400
S(t) = —16t2 + 400

—CONTINUED—
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84. —CONTINUED—

= —32 + k2

dv
fkv 2 fdt
dv

m*fdt

Letu= kv, thendu = kav.
11 V324 Vky)
Jk 2432 132 - Jkv|

Sincev(0) = 0,C = 0.

© @

-t+C

\‘;J_r ﬁv = —2./3%t
\/377 Vkv

V32 + Jkv = e 23 (/32 — kv
(VK + Vke 2V = /3p(e 2Vt — )

\/@(e—z\/@t _ 1) /32t

T ey g) CesE

Jk| e/ 4 g VA

_ \/@[_(e\/ﬁt _ e—/s‘zkt)]

32
= ————tanh| /32kt
2 con( 2k
86. Lety = arcsin(tanh x). Then,
. e — e e )
sny—tanhx—e(+e_xand e-e
— — X 2
tany = > = sinh x.

Thus, y = arctan(sinh x). Therefore,

arctan(sinh x) = arcsin(tanh x).

88. y = sech™1x
sechy = X

—(sechy)(tanhy)y’ = 1

(d) tlirpo[—‘/\/g?tanh(\/ﬁ(t)] = —‘/—\/‘?.

The velocity is bounded by — /32/ k.
(e) Since ftanh(ct) dt = (1/c) In cosh(ct) (which can be
verified by differentiation), then

s(t) = f—%t h(/32k ) dt

/B -
=~k T In[cosh(/32k )] + C
= —%In[cosh(\/ﬁ(t)] +C

Whent = 0,

s(0) =

=400 400 — (1/k) Infcosh( /32K t)].
When k = 0.01,
s,(t) = 400 — 100 In(cosh/0.32t)
s,(t) = —16t2 + 400.
s,(t) = Owhent = 5 seconds.
s,(t) = Owhent = 8.3 seconds

When air resistance is not neglected, it takes
approximately 3.3 more seconds to reach the ground.

-1 -1 -1
Y= {sschy)(tanhy) ~ (sechy) /I — sedPy  xv/I =
0. y = sinh~1x
sinhy = x
(coshyly’ =1
y = 1 1 1

coshy  /sn?y+1 J@+1



