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CHAPTER 3
Applications of Differentiation

Section 3.1 Extremaon an Interval
Solutions to Even-Numbered Exercises

2. f(x) = cos%x 4, f(x) = —3xs/x+ 1
) = — T g X f(x) = —BXB(X + 1)1/2] + JUx+1(-3)
(x) = 58NS
#(0) = 0 = =S+ e+ 26 + 1)
f(2=0

S+ 1+ 2)

6. Using the limit definition of the derivative, 8. Critical number: x = 0.
_ — - x = 0: neither
im 1O =HO _ =) =4
x 00 x—20 x 0- X
i f0 =10 _ . @-x)-4_
x 0* x—0 x 0Of x—0

/(0) does not exist, since the one-sided derivatives are

not equal.
10. Critical numbers: x = 2,5 12. g(x) = x2(x® — 4) = x* — 42
X = 2. neither g'(x) = 43 — 8x = 4x(x* — 2)
X = 5: absolute maximum Critical numbers; x = 0, X = +/2
4x
14, f(X):m 16. f() =2sech +tanh,0 < 0 < 27
f = D@ — (20 _ 41 =) f(6) = 2sec o tan 6 + sec? 6
(e + 2)2 (e + 2)2 — sec f(2tan 6 + sec 0)
Critical numbers: x = +1 [ (sin 9) 1 ]
=sech| 2 =]+ ——
cos cos 6
=sc?h(2sing + 1)
On (0, 27r), critical numbers. 6 = %T 0= £677

378
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18.

22.

26.

30.

2X+ 5
3

f(x) = % No critical numbers

L eft endpoint: <0, g) Minimum

Right endpoint: (5, 5) Maximum

f(x) = x3 — 12x, [0, 4]

f(x) =3 — 12 = 3(x> — 4)

Left endpoint: (0, 0)

Critical number: (2, —16) Minimum
Right endpoint: (4, 16) Maximum

Note: x = —2isnot intheinterval.

y=3-|t—3|,[-15]
From the graph, you seethat t = 3isacritica number.

4

—4

Left endpoint: (—1, —1) Minimum
Right endpoint: (5, 1)
Critical number: (3, 3) Maximum

a7
g(x) = secx, [—gyg]
g’(x) = secxtanx
O A W B
Left endpoint: ( 6’J§> ( 6,1.1547>

m

Right endpoint: < 3,2> Maximum

Critical number: (0, 1) Minimum

. (@ Minimum: (4,1)

Maximum: (1, 4)
(b) Maximum: (1, 4)
() Minimum: (4, 1)

(d) No extrema

20.

24,

28.

32.

36.

f(x) =x2+2x—4,[—1,1]
fX) =2x+2=2(x+ 1)
Left endpoint: (—1, —5) Minimum

Right endpoint: (1, — 1) Maximum

g(X) = \/;(1 [_11 1]

, 1
g(X)Zw

Left endpoint: (—1, —1) Minimum
Critical number: (0, 0)
Right endpoint: (1, 1) Maximum

t

h(t) = =2 (3,5]
h't) = (t :22)2

Left endpoint: (3, 3) Maximum

Right endpoint: <5, g) Minimum

y=x2—2—-cosx [—1,3]
y’=2X — snXx

Left endpoint: (—1, —1.5403)
Right endpoint: (3, 7.99) Maximum
Critical number: (0, —3) Minimum

(@ Minima: (—2,0)and (2, 0)
Maximum: (0, 2)

(b) Minimum: (—2,0)

() Maximum: (0, 2)

(d) Maximum: (1, /3)
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2—-x3, 1 x<3
38'f(x)”{2 -3 3 x 5
Left endpoint: (1, 1) Maximum
Right endpoint: (5, —13) Minimum

3

-3 o1y 12
@-7)
(5 -13)
-15
. 8
42 (a s Maximum: 2,5
(29 Minimum:
(0,0), (3,0
0 3

®) () = /3= %[0,3]
mm=%4§m—@%@—n+@—mwm}

- 2(3 _ X)—l/ze)[— X+ 23 — x)]

_26-3% _62-% _22-X
3V3—-x 34/3-—X 3—X

Critical number: x = 2
f(0) =0 Minimum
f(3) =0 Minimum

EI

Maximum: (2, g)

1
0= [-11]
24x — 243 .
f/”(X) = W (See EXEfClSE44.)
24(5¢ — 105 + 1)
(4) =
P90 6 + 15
— — 2
F9(x) = 240x(3x* — 10x2 + 3)

(@ + 1)°

| f@(0)| = 24 isthe maximum value.

mwm:;ng

p— X’
Left endpoint: (0, 1) Minimum

RS

s —2X

X = e+ 12
o —2(1 - 33
P = e+ 19
ron 24X — 243
P ="+ 1

Settingf”” = 0, wehavex = 0, +1.

(1) = S is the maximum value.
2

48. Letf(x) = 1/x. fiscontinuouson (0, 1) but does not

have a maximum. f is also continuous on (— 1, 0) but does
not have a minimum. This can occur if one of the
endpoints is an infinite discontinuity.

\




60.

62.

Section 3.2

2.

6.

Section 3.2 Rolle’s Theorem and the Mean Value Theorem 381
52. (& No 54. (a8 No
(b) Yes (b) Yes
3m 58. C=o2x+ 30000, 5y
4 X
deo . C(1) = 300,002
— is constant.
dt C(300) = 1600
dx  dxde : , 300,000
q - do dt (by the Chain Rule) cC'=2- e 0
_ v2cos 26 df 2x2 = 300,000
16 dt
x2 = 150,000

Intheinterva [7/4, 37/4], 6 = w/4, 3w/4 indicate
minimums for dx/dt and § = /2 indicates a maximum
for dx/dt. Thisimplies that the sprinkler waters longest
when 6 = 7/4 and 37/4. Thus, the lawn farthest from
the spinkler gets the most water.

f(x) = [

The derivative of f is undefined at every integer and is
zero at any noninteger real number. All real numbers are
critical numbers.

True. Thisis stated in the Extreme Value Theorem.

Rolle’s Theorem does not apply to f(x) = cot(x/2) over
[, 37] since f is not continuous at X = 2.

f(x) = —3x/x + 1
x-intercepts: (—1, 0), (0, 0)

X = 100./15 =~ 387 > 300 (outside of interval)

C isminimized when x = 300 units.

Yes, if 1 x 400, then x = 387 would minimize C.
y
2l
2 @0
1 [ @l

64. False. Let f(x) = x2. x = Oisacritical number of f.

90 =flx — k)
= (x — k)2

x = kisacritica number of g.

Rolle's Theorem and the Mean Value Theorem

4. f(x) = x(x — 3)
x-intercepts: (0, 0), (3, 0)

f’(x)—2x—3=Oatx=g.

f(x) = —3X%(X +1)7Y2 - 3(x + 1)V2 = —3(x + 1)*1/2@ + (x + 1))

f(x) = —3(x + 1)‘1/2(gx + 1) =0ax= —g.
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8. f(X) =x2—5x+ 4, [1,4] 10. f(x) = (x— 3)(x + 1)3[—1, 3]
f(1) =14 =0 f(-1)=f(3 =0
fis continuous on [1, 4]. f is differentiable on (1, 4). fis continuous on [— 1, 3]. f is differentiable on (— 1, 3).

Rolle's Theorem applies. Rolle's Theorem applies.

f(x) =2x - 5 (%) = (x=3JQ)x+ 1) + (x + 1)?
=X+ 1[2x—6+ x+ 1]

x-5=0 x=2
2 = (x + 1)(3x — 5)
5
¢ value: 2 cvalue g
X -1
12. f(x) = 3 — |x — 3|, [0, 6] 14, f(x) = L [-1,1]
f(0)=1f(6)=0

f(-1)=f1)=0
fis continuous on [0, 6]. f is not differentiable on (0, 6)

fisnot continuouson [ —1, 1] since f (0) does not exist.
since f(3) does not exist. Rolle’s Theorem does not apply. [~1,1] ©

Rolle’'s Theorem does not apply.

16. f(x) = cosx, [0, 2] 18. f(x) = cos 2x, [—1—7; 7—67]
fo=f2m) =1 f(_£>:£
fis continuous on [0, 27]. f is differentiable on (0, 27). 12 2
Rolle's Theorem applies. f(ﬂ) 1
f(x) = —sinx 6 2
cvaue _m m
f( 12) ’ f(O)

Rolle’'s Theorem does not apply.

— v — y1/3
20.  f(x) = secx, [—% ﬂ 22. f(x) = x — x*/3, [0, 1]
fO=f1 =0
aw aw
f<_Z) = (Z) =2 f is continuous on [0, 1]. f is differentiable on (0, 1).
(Note: fisnot differentiable at x = 0.) Rolle’'s Theorem
fis continuous on [ — /4, w/4]. f is differentiable on applies.
(— /4, w/4). Rolle's Theorem applies. L
f(x) =1-— =
f/(x) = sec x tan x ® 33/%2
secxtanx = 0 . 1
Xx=0 33/%2
: 1
cvalue: 0 3/ = =
3
1
2 —
=7
w JL1_3
V21 9
cvalue ? ~ 0.1925




Section 3.2

Rolle’s Theorem and the Mean Value Theorem

383

24, f(x) = g - sin%x, [—1,0]

f(—1) =f(0) = 0

fis continuous on [— 1, 0]. f is differentiable on (— 1, 0).

Rolle’'s Theorem applies.

F(x) = 1 = OSﬂ'X

X = —Qarccosg [Vaueneededin (—1, 0).]
a o
~ —0.5756 radian

cvalue: —0.5756

0.02

-0.01

28. y

32. f(x) = x(x2 — x — 2) iscontinuous on [—1, 1] and
differentiable on (—1, 1).

f(1) —f(=1) _
1-(-1)

f(x) =3 —-2x—2= -1
Bx+1Dx—1) =0

-1

!
3

1 X
26. C(x) = 10(; + . 3)

@ @) = Co) = 3
(b) C(x) = 10(—l + 3 ) =0

X2 (x+ 3)?2

3 _1
¥ +6x+9 X

22 —-6x—9=0

_6+6/3_3:+3./3
4 2

Intheinterval (3,6): ¢ =

L;*@ ~ 2,098,

30. f(x) = |x — 3|, [0, 6]

fisnot differentiable at x = 3.

34. f(x) = (x + 1)/x iscontinuous on[1/2, 2] and
differentiable on (1/2, 2).

f(Q —-1(1/2) _ (3/2) =3 _
2—-(/2 =~ 3/2

-1
N
f(x) :?: -1

x2=1

c=1
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36. f(x) = x3iscontinuous on [0, 1] and differentiable on 38. f(x) = 2sinx + sin2x iscontinuous on [0, 7] and dif-
(0,1). ferentiable on (0, ).
1‘(1)—f(0)=1—0=1 f(v-r)—f(O)_O—O_O
1-0 1 ™0 7
f(x) =32¢=1 f(X) = 2cosx + 2cos2x = 0
x=+£ 2[cosx + 2co?x — 1] =0
3 2(2cosx — 1)(cosx + 1) =0
. /3
In the interval (O, 1).c=?. cosx=%
cosx = —1
w=T 57
3™ 3

Intheinterval (0, 7): ¢ = g

40. f(x) = x — 2sinxon[—, 7|

@ 21 () f(x) =1—-2cosx=1

tangent % cosx =0
-2 ] i\ P

f

tangent T T w
C*iE, f(z)fz—z
-27
f(—f) =-Z42
(b) Secant line: 2 2
dope = fm) —fm _m-(m_ Tangent lines; y — <7—27 - 2) 1(x— 7—27>
T— (—m 27
y—m=1x—m y=x-2
a a
y =X y—(—2+2)—1<x+2>

42. f(x) = —x* + 43 + 82 + 5, (0, 5), (5, 80)

(c) Firsttangentline:y — f(c) = m(x — ¢)
y — 959 = 15(x — 0.67)

0=15x —y — 046

Second tangent line:y — f(c) = m(x — ¢)
y — 131.35 = 15(x — 3.79)
0=15x — y + 745

(b) Secantlinely — 5= 15(x — 0)

0=15x—-y+5
f(x) = —4C + 122 + 16x
f(5) — (1) _
5-1 °

—4¢3 + 12¢2 + 16¢ = 15
0 = 4c¢® — 12¢2 — 16¢ + 15
c=~ 0.670rc= 3.79
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a4, St) = 200(5 - %)

S(12) — S0) _ 200[5 — (9/14)] — 200[5 — (9/2)] _ 450

@ 12-0 12 7
b S = 200( o f t)z) - @
1 1
2+12 28
2+t=2J7

t = 27 — 2 =~ 3.2915 months

S(t) is equal to the average value in April.

46. f(a) = f(b) and f(c) = Owherecisintheinterval (a, b).

@ g =f(x +k (b) g(x) = f(x = K (© g =f(kx)
=gb) =f(a) +k K =gb+k=f
g(@) = gb) = f(a) + gla+k =gb+k =fa) Q(E) _ g(E) _f@
g0 =fx gl)=0 9’0 =fx—K
Interval: [a, b] glc+K =1 =0 9’09 = kil
Critical number of g: ¢ Interval: [a + Kk, b + k] g(ﬁ) =kf(c) =0
Critical number of g: ¢ + k
Interval: [E E]

Critical number of g: E

48. Let T(t) be the temperature of the object. Then T(0) = 1500° and T(5) = 390°. The average temperature over the

interval [0, 5] is

390 — 1500 i
s = ~2ZF/M.

By the Mean Value Theorem, there existsatimeto, 0 < t, < 5, such that T'(t,) = —222.

o225
2o

i
VYV VUL

-7

50. f(X) = 30032(777)(), £/(x)

@

(c) Sincef(—1) = f(1) = 0, Rolle’'s Theorem applies on
[-1,1]. Sincef(1) = 0andf(2) = 3, Ralle's
Theorem does not apply on [1, 2].

(b) fand f” are both continuous on the entire real line.

(@ lim (0 =0

XI|r131+ f(x) =0
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52. fisnot continuous on[—5, 5]. 54. False. f must also be continuous and differentiable on each
interval. Let
Example: f(x) = L/x  x#0
pie: 0, x=0 x3 — 4x
f(x) = 1

56. True

58. Suppose f (x) is not constant on (&, b). Then there exists x, and x, in (a, b) such that f(x;) # f(x,). Then by the Mean Value
Theorem, there exists c in (a, b) such that

fx) — (%) L
X=X

f(c) = 0.

This contradicts the fact that f/(x) = O for all xin (a, b).

60. Suppose f (x) has two fixed points ¢, and c,. Then, by the Mean Value Theorem, there exists ¢ such that

f(c,) — f(c c,—C
f/(C)Z (CZ)_C( 1):C2_C1:1.
2 1 2 1

This contradicts the fact that f/(x) < 1 for al x.

62. Let f(x) = cosx. f is continuous and differentiable for all real numbers. By the Mean Value Theorem, for any interval [a, b],
there exists ¢ in (a, b) such that

f(b) — f(a)

b—a =

cosb — cosa .
——— = —sin¢
b—-a

cosb — cosa = (—sinc)(b — a)
|cosb — cosa| = |—sinc||b — a

|cosb — cosa| |b— alsince|—sinc] 1
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Section 3.3

2. y=—(x+ 1)7?

10.

Increasing on: (—

Increasing and Decreasing Functions and the First Derivative Test

oo, —1)

Decreasing on: (—1, co0)

X2
Tx+1

y

_X(x+2)
T (x+ 12

’

Critical numbers:

4 f(x) = Xt — 22

x =0, —2 Discontinuity: x = —1

Increasing on: (—1, 0), (1, co)

Decreasing on: (—oo, —1), (0, 1)

Testintervals:| —co < x< =2 | —2<x<-1| -1<x<0|0<x<oo
Sign of f(x): y’'>0 y’ <0 y’'<0 y’ >0
Conclusion: Increasing Decreasing Decreasing Increasing
Increasing on (— oo, —2), (0, o0)
Decreasingon (—2, —1), (—1,0)
h(x) = 27x — x3
h(x) =27 — 3x2 = 3(3 — x)(3 + x)
h(x) =0
Critical numbers; x = +3
Testintervals,| —co < x< —3 | —3<x<3| 3<X< oo
Sign of h’(x): h"<0 h">0 h"<0
Conclusion: Decreasing Increasing Decreasing
Increasing on (— 3, 3)
Decreasing on (— oo, —3), (3, o0)
—x+ 2
y= X
,  (x=2)(x+ 2
="
Critical numbers: x = +2 Discontinuity: 0
Testintervals| —co < X< -2 | —2<x<0|0<x<2|2<Xx<o0
Signof y”: y'>0 y'<0 y'<0 y'>0
Conclusion: Increasing Decreasing | Decreasing | Increasing
Increasing: (—oo, —2), (2, o0)
Decreasing: (—2,0), (0,2)
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12. f(x) = x2 + 8x + 10

16.

18.

f(x) =2x+ 8=

0

Critical number: x = —4

14. f(x) = —(x® + 8 + 12)
f(x)=—-2x—8=0
Critical number: x = —4

Test intervals: —00 < X< —4|—-4< X< o
Sign of f(x): f <0 f7>0
Conclusion: Decreasing Increasing

Increasing on: (—4, oo)

Decreasing on: (—oo, —4)

Relative minimum: (—4, —6)

f(x) =x3—6x2+ 15

f(x) = 3 — 12x = 3x(x — 4)

Critical numbers: x = 0, 4
Testintervals:| —co < x<0 | 0<x<4 | 4<X<o0
Sign of f(x): f?>0 f"<0 f?>0
Conclusion: Increasing Decreasing | Increasing

Increasing on (— oo, 0), (4, co)

Decreasing on (0, 4)

Relative maximum: (0, 15)

Relative minimum: (4, —17)

f(x) = (x+ 2%x — 1)

f(x) = 3x(x + 2)

Critical numbers: x = —2,0
Testintervals:| —oo <x< -2 | -2<x<0| 0<x<oo
Sign of f/(x): f?>0 f’<0 f?>0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —2), (0, c0)

Decreasing on: (—2,0)

Relative maximum: (—2, 0)

Relative minimum: (0, —4)

Testintervals:| —co < X< —4 | —4< X< o0
Sign of f(x): f’>0 f’<0
Conclusion: Increasing Decreasing

Increasing on: (—oo, —4)

Decreasing on: (—4, co)

Relative maximum: (—4, 4)
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20. f(x) =x*—32x+ 4 22. f(x) =x23 -4
f(x) = 43— 32 =402 — 8) 2 2
P9 = 92 = 2573
Critical number: x = 2
Critical number: x =0
Test intervals: —oo < X<2 2<x< oo :
Sign Off’(X): <0 >0 Test intervals; —oo<X<0 0<X< o
Conclusion: Decreasing Increasing Sign of f(x): f’<0 f7>0
Increasing on: (2, o) Conclusion: Decreasing Increasing
Decreasing on: (— oo, 2) Increasing on: (0, oo)
Relative minimum: (2, —44) Decreasing on: (—oo, 0)
Relative minimum: (0, —4)
24, f(x) = (x — 1)/ f)=|x+3 -1
1 1 > -3
f/(x):72/3 f,X:X+3:[, X
3(x—1) ®) [x + 3] -1, x< -3
Critical number: x = 1 Critical number: x = —3
Test intervals: —oo<x<1 l1<x<oo Testintervas | —oco < x < =3 | =3 < x < oo
Sign of (x): f7>0 f">0 Sign of f/(x): f'<0 f7>0
Conclusion: Increasing Increasing Conclusion: Decreasing Increasing
Increasing on: (—oo, oo) Increasing on: (—3, co)
No relative extrema Decreasing on: (—oo, —3)
Relative minimum: (—3, —1)
X
28. f(x) = + 1
oo = XF DO = (0@ _ 1
(x+1)? (x+ 12
Discontinuity: x = —1
Test intervals: —o<x<-1| -1<x<o
Sign of f(x): f7>0 f?>0
Conclusion: Increasing Increasing

Increasing on: (—oo, —1), (—1, c0)

No relative extrema
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x+3 1 3
30. f(X)— 2 —;"r?
, 1 6 —(x+06)
=% "%~"%

32.

Critical number: x = —6

Discontinuity: x = 0

Testintervals, | —oo < X < —6 -6<x<0 0<x<oo
Sign of f(x): f?<0 f?>0 f?<0
Conclusion: Decreasing Increasing Decreasing

Increasing on: (—6, 0)

Decreasing on: (—oco, —6), (0, oo)

. - . 1
Relatlvemlnlmum.< 6, 12>

¥ —3—4
f(x) = < — 2
Fx) = X=2)(2x—3) - (®=3xx—4)(1) x>—-4x+ 10
- (x — 2 o (x-22
Discontinuity: x = 2
Test intervals: —c0 < X< 2 2< X< oo
Sign of f(x): f">0 f?>0
Conclusion: Increasing Increasing

Increasing on: (—oo, 2), (2, o)

No relative extrema

. f(x) :sinxcosx:ésinZX,O < X< 2w

2

f(x) = cos2x = 0

it .y 73757 Im
Critical numbers; x = 2442

Test intervals: 0<x<— %<x<3737 37?7<x<5777 5777<x<77?7 77?7<x<277

Sign of f(x): f?>0 f?<0 f?>0 f?<0 f?>0

Conclusion: Increasing Decreasing Increasing Decreasing Increasing
Increasing on: <0 E) (3—7T @) (7—77 2 )

g on: 2\ a2 ) o T

Decreasing on: (* 7) (7 7)
' 4, 4 ! !

Relative maxima: < 1) (
4'2)'\ 4’

Relative minima: (ﬁ —
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sin X

36. f(X):m, 0<x<27m
yon _ COSX(2 + sin?x)
) = (1+ cosx)2
” T3
Critical numbers: x = >

. . K
Increasing on: <O, 2)( >

Decreasing on: (I 3—W>
gon- {27

38. f(x) = 10(5 — /X% — 3x + 16), [0, 5]

oy ___ 5(2x—=13)
@ 0 = VX2 —3x + 16
(@ ——2& -3 __

I —3+ 16

Critical number: x = g

X

40. f(x) = 5

+ cos g [0, 4]

1. x

(@ f'(x) = % —5sn3

Critical number: x = o

Test intervals: 0<x<g 7—27<x<?77 %T<x<27r
Sign of f/(x): f>0 f’<0 f?>0
Conclusion: Increasing Decreasing Increasing

. . o
Relative maximum: (E’ 1)

. . 37
Relative minimum: T -1

(b) y

(d) Intervals:
3 3
<0, E) (E, 5>
f(x) >0 f(x) <0
Increasing Decreasing

fisincreasing when f is positive and decreasing
when f’ is negative.

(k)

(d) Intervals:
(O, m) (m, 4m)
f(x) >0 f(x) > 0
Increasing Increasing

fisincreasing when f is positive.
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42. f(t) = cos’t — sint = —2sirt =g(t), —2<t<?2
f(t) = —4dntcost = —2sin2t
f symmetric with respect to y-axis

zeros of f: i%
Relative maximum: (0, 1)
Relative minimum: ( o 1),(2, 1)

2

NN
\y/

f”isacubic polynomial.

44, f(x)isalineof dope =2  f/(x) = 2.

6

2

48. f has positive slope

y

-, -

In Exercises 50-54, f(x) > 0on (—oo, —4), f(x) < 0on (—4,6) and f(x) > 0on (6, o).

50. g(x) =3f(x) —3
g'(x) = 3f(x)
g(=5 =3f(-5 >0

56. Critical number: x =5
f(4) = —25 fisdecreasingat x = 4.
(6) = 3
(5, f(5)) is arelative minimum.

fisincreasing at x = 6.

52. gx) = —f(x)
g'(x) = —f'(x)
g0 = —-f(0) >0

54. g(x) = f(x — 10)
g’(x) = f(x — 10)
g8 =f(-2 <0

58. s(t) = 4.9(sin O)t?
(@ v(t) = 9.8(sin H)t speed = |9.8 (sin )|
(b) If 6 = /2, the speed is maximum,

v(t) = 9.8t.

3t
60. C= "t O
@ [y ol o5 | 1 | 15 | 2 | 25 | 3
C(t) | 0| 0055|0107 | 0.148 | 0.171 | 0.176 | 0.167

The concentration seems greater near t = 2.5 hours.

(b) o2s

0

The concentration is greatest when t = 2.38 hours.

(27 + t9(3) — (3)(3t?)

(@ C'= (27 + 192
327 - 2t9)
(27 + t3)2

C’ = Owhent = 3/ 32 =~ 2.38 hours.

By the First Derivative Test, this is a maximum.
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62. P =244x — 20X000 —5000,0 x 35,000 Test intervals: 0 < x < 24,400 24,400 < x < 35,000
’ Sign of P P’ >0 P’ <0
;7 _ X —
P’=244 10,000 0
X = 24,400

Increasing when 0 < x < 24,400 hamburgers.

Decreasing when 24,400 < x < 35,000 hamburgers.

64. R= ./0.001T4 — 4T + 100

0.004T3 — 4
R = -0 b
@ 2/0.001T% — 4T + 100 (b) =

T = 10°, R = 8.3666()

-100 100

-25

The minimum resistance is approximately
R=837QaT=10°

66. f(x) = 2sin(3x) + 4 cos(3x)

I
TaviA

6

The maximum value is approximately 4.472. You could use calculus by finding f'(x) and then observing that the maximum
value of f occurs at a point where f/(x) = 0. For instance, /(0.154) = 0, and f(0.154) = 4.472.

68. (d) Use acubic polynomial
f(x) = ap + a® + ax + a,.
(b) f(x) = 3a3x2 + 2a,x + a,
(0,0): 0= a (f(0) =0
0=a (f(0) = 0)
(4,1000:: 1000 = 64a, + 16a, (f(4) = 1000)

0 = 48a; + 8a, (f(4) = 0)

(c) Thesolutionisa; = a, = 0,a, = % a, = %
_ 1285, 375,
f(x) = 7 St

(d) 1200

(@, 1000)

- ©.0 |

-400
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70. (a) Useafourth degree polynomial f(x) = a,x* + a;x® + a,x? + a;x + a,.

(b) f(x) = 48,3 + 3ax® + 2a,x + a;

1, 2): 2=a,ta;t+a+a +a (f(1) =2
0=4a,+3a, +2a, + a (f(1) =0
(—1,4): 4=g,—a;+ta,—a +a, (f(-1) =4
0=—-4a,+ 33, — 2a, + a, (f(—=1) =0
(3, 4): 4=28la, + 27a;+ 9, + 3, + 3, (f(3) =4
0 = 108a, + 27a; + 6a, + a; (f(3) =0
(c) Thesolutionisa, =2,a, = —3,a, =3, 8, = 3,8, = —¢
f(x) = —gx*+ 3+ @ — 3x + &
(d) 6
(-1,4) (3,4

_4 6

! |

-2

72. Fase 74. True
Let h(x) = f(x)g(x) wheref(x) = g(x) = x. Then If f(x) is an nth-degree polynomial, then the degree of
h(x) = x?is decreasing on (— oo, 0). f(x)isn — 1.

76. Fase.

The function might not be continuous.

78. Suppose f'(x) changes from positive to negative at ¢. Then there existsa and b in | such that f/(x) > 0 for all xin (a, ¢) and
f/(x) < Ofor dl xin (c, b). By Theorem 3.5, f isincreasing on (a, ¢) and decreasing on (c, b). Therefore, f(c) is a maximum of
f on (a, b) and thus, a relative maximum of f.

Section 3.4  Concavity and the Second Derivative Test

-1 ., _ —6
x+ 1Y (2x + 1)

2.y=—-x+32 -2y =—-6x+6 4. f(x) =
Concave upward: (—oo, 1) Concave upward: (—oo, —3)

Concave downward: (1, oo) Concave downward: (_; oo)
=3

6.y= %)(—Sx5 + 40x3 + 135x),y” = %zx(x - 2(x+ 2 8. h(x) =x5>—5x+2
h(x) =5x*—5
h(x) = 20x3

Concave upward: (—oo, —2), (0, 2)

Concave downward: (—2,0), (2, co0)
Concave upward: (0, co)

Concave downward: (— oo, 0)
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10.

14.

16.

18.

20.

y=Xx+2ccX, (—m m)

y’=1— 2cscxcotx

y” = —2csc X(—csc?X) — 2 cot X(—CsC X cot X)
= 2(csc3x + csc X cot2 x)

Concave upward: (0, )

Concave downward: (— 1, 0)

f(x) =2x*—8x+ 3
f(x) =8x—8
f”(x) = 24x2 = Owhenx = 0.

However, (0, 3) is not a point of inflection since f ”(x)

Concave upward on (— oo, c0)
f(x) = x3(x — 4)
f(x) = x® + 3x3(x — 4)
=xIx + 3(x — 4] = (x — 3)

12 f(x) =2¢ -3 —-12x+5

fi(x) = 6x%2 — 6x — 12
f/(x) = 12x — 6

f7(x) = 12x — 6 = Owhenx = %

Test interval —o <X<3 3 <x<oo
Sign of f”(x) f7(x) < 0 f7(x) > 0
Conclusion Concave downward Concave upward

Point of inflection: (3, —%)

O for dl x.

f/(x) =4x2 + 8x(x — 3) =4xx+ 2(x — 3] =12x(x —2) =0

f7(x) = 12x(x — 2) = Owhenx = 0, 2.

Test interval —oo <X<0 0<x<2 2<Xx<oo
Sign of f”(x) f7(x) > 0 f7(x) < 0 f7(x) > 0
Conclusion Concave upward Concave downward Concave upward
Points of inflection: (0, 0), (2, —16)
f(x) = x/x + 1, Domain: [—1, co)
1 33X+ 2
) = (Nsx+ 1) Y2 + Ux+ 1=
(0 = G50+ D2+ VxF 1= T
£7(x) = 6/X+1—-(3x+2)(x+1) Y2  3x+4
B 4(x + 1) C4(x + 1)32

f”(x) > 0 on the entire domain of f (except for x = — 1, for which f ”(x) is undefined).

There are no points of inflection.
Concave upward on (— 1, oo)

X+ 1
%
Xx—1
2X3/2
3—-x
4x5/2

Point of inflection: (3, 4) = (3, 4J§>

f(x) =

Domain: x > 0

f(x) =

1(x) =

Test intervals 0<x<3 3<x< o
Sign of f”(x) f”>0 f7<0
Conclusion Concave upward | Concave downward
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22. f(x) = ZCSC%,O < X< 2w

/| P % %
f(x) = —3csc 2cot >
9 3x 3x

”, - = 3=
f7(x) 2(C502+C502 >
Concave upward: (0, f2W>, (*47, 277)

3 3

Concave downward: (*2; , *4; )

24,

26.

28.

No points of inflection

f(x) =sinx + cosx,0 X

2

f/(x) = cosx — sinx

f”(x) = —sinX — cosx

f”(x) = Owhenx =

3w Im
4 4

— cot? §) # Ofor any x in the domain of f.

Test interval:

3
< X< —
0<x 2

7
777<X<27T

Sign of f”(x):

f’(x) < 0

f7(x) > 0

f’(x) < 0

Conclusion:

Concave downward

Concave upward

Concave downward

37

: co (3w N\ (1w
Points of inflection: (4,0>,<4,0>

f(x) = x + 2cosx, [0, 2]

f(x) =1— 2sinx

f”(x) = —2 cosx

f(x) = Owhenx =

m 3m
22

Test intervals:

T
O<x<2

T 3T
2 2

Sr_ 3
2 2

Sign of f(x):

f//<0

f//> 0

f//<0

Conclusion:

Concave downward

Concave upward

Concave downward

Points of inflection: (— —), (

f(x)=2x+ 3
f7(x) =2

Critical number: x = —35

(-9 > 0

37 37
2' 2

T T
2’2

f(x) =x2+ 3x— 8

3

)

Therefore, (—% —%) is arelative minimum.

30. f(x) = —(x—5)?
f(x) = —2(x — 5)
f/(x) = -2
Critical number: x = 5

f/(5) < 0

Therefore, (5, 0) is arelative maximum.
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32. f(x) = x3— 9x2 + 27x

36.

f/(x) = 3x?2 — 18x + 27 = 3(x — 3)?
f7(x) = 6(x — 3)
Critical number: x = 3

However, f7(3) = 0, so we must use the First Derivative

Test. f/(x)  Ofor al x and, therefore, there are no
relative extrema.

fx) =Vx2+ 1

X

f'(X) = —F——

09 VX +1
Critical number: x =0

”, — 1
70 =Ge+ 1
f700=1>0

Therefore, (0, 1) is arelative minimum.

f(x) =2dnx+ cos2x,0 x 2w

fi(x) = 2cosx — 2sn2x = 2cosx — 4sinxcosXx = 2cosX(1 — 2sinx) = Owhenx = %7—27

f7(x) = —2sinx — 4 cos 2x

<o
)0
1)<
1)
Relative maxima: <7€T g) (ST: g)

Relative minima: (7—27 1)

4. g = —é(x + 22(x — 42

x—4Hx— DX+ 2
2

g’ = —
3
g’(x) =3+ 3x — EXZ

Critical numbers; x = —2,1,4
9(-2) = -9<0

(=2, 0) is arelative maximum.

g1 =9/2>0
(1, —10.125) is arelative minimum.
g4 =-9<0

(4, 0) is arelative maximum.

38 (0= "7
0= G

There are no critical numbersand x = 1isnot in the
domain. There are no relative extrema.
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42. f(x) = x2/6 — x2,[— /6, /6]

— y2
@ o = A=)

f(x) = Owhenx = 0,x = +2.

B(x4 — 92 + 12)

f7(x) = (6 — x2)%2

f(x) = Owhenx = + 9_7;@
(b) £7(0) > 0
f/(+2) < 0

Points of inflection: (+1.2758, 3.4035)

(0, 0) is arelative minimum.

(£2,4/2) are relative maxima.

44. f(x) = /2xsinx, [0, 2]
sinx
f(x) = V2xCcosX + ——
(@ 10 = V2 N
Critical numbers; x = 1.84, 4.82

COSX = COSX sin x

NN AN

_ 2cosx (4 + Dsinx

f/(x) = —/2xsinx +

V2x 2x/2x
_4xcosx — (4x® + 1)sinx
2x/2x

(b) Relative maximum: (1.84, 1.85)
Relative minimum: (4.82, —3.09)
Points of inflection: (0.75, 0.83), (3.42, —0.72)

f’ < Omeansf
decreasing

46. (a) v

3t f” decreasing means
concave downward

48. (a) Therate of change of salesisincreasing.
S// > 0

(b) The rate of change of salesis decreasing.
S>09<0

(c) Therate of change of salesis constant.
§=CS=0

(d) Salesare steady.
S=C,S$=095=0

(e) Salesaredeclining, but at alower rate.
$<0,9>0

(f) Sales have bottomed out and have started to rise.
S>0

(©

(b)

The graph of fisincreasing whenf” > 0 and
decreasing when f/ < 0. f is concave upward when
f” > 0 and concave downward when f” < 0.

N
!

fisincreasing when f” > 0 and decreasing when
f’ < 0. fis concave upward when f” > 0 and
concave downward when f” < 0.

v f’ > O meansf
increasing

3t f’ decreasing means
concave downward
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} t
10

(b) Since the depth d is always increasing, there are no
relative extrema. f/(x) > 0

(c) Therate of change of d is decreasing until you reach
the widest point of the jug, then the rate increases
until you reach the narrowest part of the jug’s neck,
then the rate decreases until you reach the top of the

Jug.

60. (@ f(x) = ¥x
P = 5x 22
P9 = ~3x
Inflection point: (0, 0)

(b) f”(x) does not exist at x = 0.

62. f(x) =ax®+ bx2+ cx+d
Relative maximum: (2, 4)
Relative minimum: (4, 2)
Point of inflection: (3, 3)
f/(x) = 3ax2 + 2bx + ¢, f”(x) = 6ax + 2b

f2=8a+4b+2c+d=14
f(4) =64a+ 16b+4c+d=2

f(2=12a+4b+c=0, f(4 =48a+8+c=0, f(3)=18a+2b=0

}56a+ 12b+2c=-2 28a+6b+c=-1

28a+6b+c=-1 Ba+2b= 0

12a+4b+c= 0 l6a+2b= -1

16a + 2b =-1 2a = 1
a=3b=-3,c=12d=-6

f(X) =3x3—3x2 + 12x — 6
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64. (a) line OA: y = —0.06x slope: —0.06 y
line CB: y = 0.04x + 50 slope: 0.04 150+
f(x) =ac+bx2+cx+d 0ol (2000, 9B°)
f/(x) = 3ax2 + 2bx + ¢ (’iooo’ 0 .
(—1000,60): 60 = (—1000)% + (1000)% — 1000c + d ©50
—0.06 = (1000)23a — 2000b + ¢ w0 e

(2000, 90): 90 = (1000)%a + (1000)%b + 1000c + d
0.04 = (1000)23a + 2000b + ¢
The solution to this system of 4 equationsisa = —1.25 x 1078, b = 0.000025, ¢ = 0.0275, and d = 50.
(b) y = —1.25 x 108 + 0.000025x2 + 0.0275x + 50 (© 01

100 [——

/ -1100 1100

-0.1

-1100 1100

-10
(d) The steepest part of the road is 6% at the point A.

3 2
66. S = 5.755T°  8.521T + 0.654T

+ 099987, 0<T <25

108 106 104
(@ The maximum occurswhen T = 4° and S =~ 0.999999. () S(20°) = 0.9982
(b)
+ + + + + + T
5 10 15 20 25 30
300,000 _100t?
68. C—2x+f 70.S—65+t2,t 0
C’:Z—M:(&:OWhenx:loo\/E%:%S? @
By the First Derivative Test, C is minimized when
X = 387 units.
0 . 35
o 13,000t
®) SO =5 + e
13,000(65 — 3t2
St) = W =0 t = 4.65

Sis concave upwards on (0, 4.65), concave
downwards on (4.65, 30).

(c) S(t) > Ofort > 0.

Ast increases, the speed increases,
but at a slower rate.
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72.  f(x) = 2(sinx + cosx), f(0)=2 4
f/(x) = 2(cosx — sinx), f/(0) = 2 ’\{ }/XPZ y

f1(x) = 2(—sinx — cosX), £70) = —2 w \/
Py =2+ 2(x - 0) = 2(1 +x) P,

P:L/(X) =2

PX)=2+2x—0) +3(-2)(x— 02=2+ 2x — x2
P,/(x) = 2 — 2x

P,(x) = —2

The values of f, P,, P,, and their first derivatives are equal a x = 0. The values of the second derivatives of f and P, are equal
at x = 0. The approximations worsen as you move away from x = 0.

74. f(x):x\_&l, f(2) = /2 3
-1 o3 3/ N
f/(x) = N f(2) = > /3 2 ) f 5
32+ 6x— 1 23 232

PO =pmx—1r P 55" 1

P,(x) = f+< 3f> PSR NN NE:

4 2
Y.
P = V2 + (—”)( -2+ 2<231f><x— 2= 23200+ B2y op
P,/(X) = —M+231f(x 2)
P,x) = %f

The values of f, P;, P, and their first derivatives are equal at x = 2. The values of the second derivatives of f and P, are equal
at x = 2. The approximations worsen as you move away from x = 2.

76. f(x) = x(x — 6)2 = x® — 12x2 + 36X
f(X) =3 —24x+36=3x—2)(x—6)=0
f7(x) =6x—24=6(x—4) =0
Relative extrema: (2, 32) and (6, 0)

Point of inflection (4, 16) is midway between the relative extrema of f.
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78. p(x) = ax® + bx2 + cx + d
p’(x) = 3ax? + 2bx + ¢
p’(x) = 6ax + 2b
6ax + 2b =10

b

X:*E

The sign of p”(x) changes at x = —b/3a. Therefore, (—b/3a, p(—b/3a)) is a point of inflection.

(—3)—51(— b3)+b(b—2)+c(—£)+d— A7 _be g
P73 =& 2728 9a2 3a 2722 3

Whenp(x) = x¥ -3+ 2,a=1,b=—-3,c=0andd = 2.

_—(=3 _
%="3q 1t
Vo = 2(=3° (=30
0= 277 T 3

+2=-2-0+2=0
The point of inflection of p(x) = x® — 3x2 + 2is (X, Y,) = (1, 0).
80. Fase. f(x) = 1/x hasadiscontinuity at x = O.

82. True
y = sin(bx)
Slope: y’ = b cos(bx)
-b 'y b (Assumeb > 0)

84. False. For example, let f(x) = (x — 2)%

Section 3.5 Limitsat Infinity

2X X2 2% —3x+5
. = . =2+ . ==—=
2. f(x) N, 4. f(x) =2 1 6. f(x) 1
No vertical asymptotes No vertical asymptotes No vertical asymptotes
Horizontal asymptotes: y = +2 Horizontal asymptote: y = 2 Horizontal asymptote: y = 2
Matches (c) Matches (a) Matches (e)
2X2
8. f(x) = T 1 20
X 100 10t 10? 108 10* 10° 108
f() | 1 |1818 | 198.02 | 1998.02 | 19,998 | 199,998 | 1,999,098 | °I "

lim f(x) = co (Limit does not exist.)
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8x
10. f(X) = —— 10
(x) =3
X 10t 102 10% | 10* | 10° | 108 | 107
f(x) | 812 | 8.001| 8 8 8 8 8 °5 15
limf(x) =8
2. {0 =4+ 57— 10
x | 100 | 10t | 102 | 10| 10% | 105 | 10° —_
f(x) 5 | 403 | 40003 | 40| 40| 4 4 ol 15
limf(x) =4
X oo
f(x) 5@ —3x+7 7 3 - 2x
! == == 2 _Bx—3+— 16. (a I|m =0
14. (a) h(x) < < Bx =3+ @ lim 25—
lim h(x) = oo (Limit does not exist) .3 2 __2
n ®Im%=17 "3
2 — 3x +
(© lim = —oo (Limit does not exist)
. X oo 3X - l
lim h(x) =5
X oo
f(x) 5 —-3+7 5 3 7
@M= =" xR
lim h(x) =0
X oo
5x3/2 . ¥+2 3 1
18.@ Jim 2o 1= 20 M o —2e 179 3
5x3/2 5
b im a2z +1™ 2
5x3/2
(o I|m Limit does not exist
(©) 4f oo ( )
. 3 . 1 4 . .
22. lim (4 + 7> =4+0=4 24. lim (fx - —2) = —oo (Limit does not exist)
X oo X X oo 2 X

26. X“rcl;]o\/%lelmoo<\/m> (forx < 0,x = — /@)
N

lim 771: —

x oo /X + (1/X)
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Lo 3+ 1 . =3+ (1/%
28. | —_— = — 2 f < Owehave — V/x2 =
Jim —Ze— = lim_ — , (for x we have — /%2 = X)
-
3-(1/x _

= aw

30. lim X Cosx lim <1 — @) 32. lim cos(l) =cos0=1
X oo X X oo X X oo X
=1-0=1
Note:

lim ? = 0 by the Squeeze Theorem since
X oo

1 cosx 1

X X X
3X . 1 . ant sint
B0 =~ : 36. Jim xtanS = fip = = [, [T
Jlim f(x =3 R “ o =@ =1
Xli[nocf(x) =-3 (Letx = 1/t)

-6

Therefore,y = 3andy = — 3 are both
horizontal asymptotes.

. . 22X+ Va2 + 1 . -1
38. lim(2x— V42 +1)=lim|[(2x— V4 +1) - ———|= lim ———————=0
x oo( ) x oo[( ) 2x+\/4x2+1] X oo X+ /A + 1
— 2
40. lim (3x+ V9@ —x) = lim |(3x+ \/9x2—x)-w
X —oo X —oo 3X_ 9X2_X
. X
= |lim —mF—m—
x =0 3X — /9% — X
. 1
= |lim —————— (forx < Owehavex = — /X2
X *°°3_\/9x2—x( )
— /e

1

— H 1 —_
My eoam 6

42|« 1° | 10t | 102 | 10° 10¢ 105 106

f(x) 1.0 | 51 | 50.1 | 500.1 | 5000.1 | 50,000.1 | 500,000.1

lim = =
X oo 1 X2+ XX — X X X2+ XX — X

Limit does not exist.

X — XX — X X+ XX — X . x3
. = |lim [e'e) 0

=
cost

50
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46.

50.

3

108
0.001 g

X 10° 10t 102 103 10 105
f(x) 2.000 | 0.348 | 0.101 0.032 0.010 0.003
.o x+1
Xllrgo x =0
X = 2isacritica number. 48.
f(x) < Oforx < 2.
f(x) > Oforx > 2.
lim f(x) = lim f(x) =6
X —oo X oo
For example, let f(x) = S + 6.
01(x — 22+ 1

— X
-2 2 4 6
:x73
y X— 2

Intercepts: (3, 0), (0, g)

Symmetry: none

Horizontal asymptote: y = 1 since

lim X=3 1= jim X232
X *oox_z X ooX_z'

Discontinuity: x = 2 (Vertical asymptote)

Intercept: (0, 0)
Symmetry: y-axis
Horizontal asymptote: y = 1 since

2 . 2
_gzlleln;

lim
X —oo X2

X2 —9

Discontinuities: x = +3 (Vertical asymptotes)

Relative maximum: (0, 0)

52.

(@ Thefunctioniseven: lim f(x) =5
X —oo

(b) Thefunctionisodd: lim f(x) = —5

_ X
Y=9-%

Intercept: (0, 0)

Symmetry: origin
Horizontal asymptote: y = 0
Vertical asymptote: x = +3
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LS 2y —
56.y—X2+4 58. xty = 4

60.

Intercept: (0, 0)

Symmetry: y-axis
Horizontal asymptote: y = 2
Relative minimum: (0, 0)

_ X
Y=1-%

Intercept: (0, 0)

Symmetry: origin

Horizontal asymptote: y = 0 since
2X

lim =0= lim .
x ool — X2 x ool — X2

Discontinuities: x = +1 (Vertical asymptotes)

y
T |
el
13+
21
A
Tt =
1
.y = 4(1 — ?)

Intercepts: (+1, 0)
Symmetry: y-axis
Horizontal asymptote: y = 4
Vertical asymptote: x = 0

62.

66.

Intercepts: none
Symmetry: y-axis
Horizontal asymptote: y = 0 since

. 4 .4
lim 7202 lim 2
X —oo X X oo X

Discontinuity: x = 0 (Vertical asymptote)

y

-5-4-3-2-1 112345

1
y—l+;

Intercept: (—1,0)
Symmetry: none

Horizontal asymptote: y = 1 since

lim (1+1>=1=Iim (1+1>.
X —oo X X oo X

Discontinuity: x = 0 (Vertical asymptote)

——_ x
_5_.
-3
-4
-5
_ X
y X2 — 4

Domain: (—oo, —2), (2, o)
Intercepts: none

Symmetry: origin

Horizontal asymptotes. y = +1 since

=1 lim ——— = 1.
2 Tx e -4

Vertical asymptotes: x = +2 (discontinuities)

lim
X oo X2 —

y
[
1
VAT
3
(BN
| 1
T S
———— ————>x
5-4-3 1-1 1 1 1345
1 0
2T
3+
1
-4t
-5+ 1
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68.

70.

72.

2

f(X):ﬁ x=-1| |x=1
14 AY
oy OE D@ @0 —2x .
) 0@ — 1)2 2 — 1) Owhenx = 0. -3 y:11: o’
0 = O = D=2 + 22068 — D@9 _ 23¢ + 1) '
T e -1 CREE ’

Sincef”(0) < 0, then (0, 0) is arelative maximum. Since f ”(x) # 0, nor is it undefined in the domain of f, there are no points
of inflection.

Vertical asymptotes: x = +1

Horizontal asymptote: y = 1

1 1
f(X):xz—x—zz(x+l)(x—2) x=-1,  [x=2
[4 ]
—-(2x—-1 1 | 14,
f’(x)=ﬁ=0whenx=§. SJJ: (/2 9):[&3
) = 08~ X = 22 + (2~ D@0E = x = D2x = 1) 5/ |
x2—x—27* =)
B —-=x+1)
TR —-x-— 238

Sincef”(3) < 0, then (3, —%) is arelative maximum. Since f”(x) # 0, nor isit undefined in the domain of f, there are no
points of inflection.

Vertical asymptotes: x = —1,x = 2
Horizontal asymptote: y = 0

XxX+1

f(X) — m (-0.6527, 0.4491; (05321, 0:8440)
f’(x):%:OWhenx:o,—z. . /“‘k-,___w
| —
20¢ + 3¢ — 1) \H%wn
f7(x) = —=—————3~ = Owhenx = 0.5321, —0.6527, — 2.8794.
(& + x + 1)° ( \28794 522931)
f7(0) < 0

Therefore, (0, 1) is arelative maximum.
f7(-2) >0
Therefore,

1

_2 J—

(-2-3)
is arelative minimum.

Points of inflection: (0.5321, 0.8440), (—0.6527, 0.4491) and (—2.8794, —0.2931)

Horizontal asymptote: y = 0
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74.

76.

78.

80.

9 = et

oy 2
90 = ge+

won _ —18x
9N = (3e + 152

No relative extrema. Point of inflection: (O, 0).

Horizontal asymptotes: y = i%
No vertical asymptotes
f(x) = ZS'QZX Hole at (0, 4)

_ 4xcos2x — 2sin 2x
= v

f/(x)
There are an infinite number of relative extrema. In the interval
(— 27, 27), you obtain the following.

Relative minima: (+2.25, —0.869), (+5.45, —0.365)

Relative maxima: (+3.87, 0.513)

Horizontal asymptote: y = 0

No vertical asymptotes

X -2+ 2 1 1
f=-—"—F7 g =-"2x+1-23
(a) f=g 4

-6 \] {\ 6
)
-2 +2
(b) £ = ——5——=
_ B o2e 2
T T2¢ T 2¢ T 2¢
1 1
= —§x+1—Q:g(x)
. 1
lim 100[1 - —] = 100[1 — 0] = 100%
oo (v,/v,)°

82. vy

(©

The graph appears as the slant asymptotey = —%x + 1.

@

o

q

70

80

-70

_ 3.351t? + 42.461t — 543.730

20

t2

5

.-D—uo——._.._.\_._‘_.

0

(b) Yes. tIim y = 3.351

100
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10012
“mre ! 0
(@ 120
5 . 30

(b) Yes lim S = iio = 100

LX) A X+ aX + a
8. Xllnc.)]c q(x) Xllno]o by XM+ - - -+ bx + by

Divide p(x) and q(x) by x™.

an a %
i p(x) . oxm-n xm=1t xm O0+---+0+0 O
Casel: Ifn < mlim=== lim = = =0
x® (X)) x oo b, by b,+---+0+0 b,
bm+”'+7xm—l+ﬁ
a 8y
an+”'+ m71+7m + .+0+0
Case2: Ifm=n: lim @= lim X X - au :3_
x og(X) x oo b, bpb b,+ --+0+0 b,
bm+...+7xmfl+ﬁ
_ a )
n—m . -
. e px) X Fm1 o0+ - -+0
Case3: Ifn>m lim == = lim = = +o0.
x oog(x) x o b b b,+ --+0
b+...+71+70 m
m mel Xm

88. False. Lety, = /X + 1, theny,(0) = 1. Thus,y,” = 1/(2/X + 1) and y, (0) = 1/2. Finally,

1 1

v, = *Wandyl 0) = -7

Letp = ax? + bx + 1,thenp(0) = 1. Thus,p’ = 2ax + bandp’(0) =3 b= 3. Finally,p”=2aandp’(0) = -3 a= —
Therefore,
(-1/8)x2 + (1/2)x +1, x<0
f(x) = andf(0) = 1,
* {m x o XdfO
) {(1/2) - (1/4)x, x<0
X) = an
1/(2/x+1), x>0
(—1/4), x<0

P60 = {—1/(4(x +1%2), x>0

df10) = —
an =——
4

f”(x) < Oforal real x, but f(x) increases without bound.

@l
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Section 3.6

2. The dope of f approaches co as x
—ooasx 0'. Matches (C)

6. () X X2 %4
© x

(&) X X3

_ X

X2+ 1

P A— l_X2 J—
Y=o vr12”
23 — %)

0e + 1)3

8 vy

1-xx+1
(x+ 1)2

y// —

Horizontal asymptote: y = 0

0~, and approaches

=0whenx = +1.

= Owhenx = 0, +/3.

A Summary of Curve Sketching

Matches (B)

(b) %o %3

(d x;

y y |y Conclusion
-0 <x< -3 - | = Decreasing, concave down
x=-3 —? — | 0 | Point of inflection
-V3<x< -1 - | + Decreasing, concave up
1 . L
x=-1 5 0| + Relative minimum
—1<x<0 + | + Increasing, concave up
x=0 0 + 0 Point of inflection
O0<x<l1 + | - Increasing, concave down
1 . .
x=1 > 0| — Relative maximum
1<x< /3 - | - Decreasing, concave down
x= /3 ? — | 0 | Pointof inflection
V3 <X < oo — | + | Decreasing, concave up

4. The slope is positive up to approximately x = 1.5.
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X2+ 1 X+ 2 2
10. y_X2—9 12. f(X)— X _1+;
, . —20x —2
y:m:o whenx = 0 f/(x)=?<0whenx¢0.
2+ ”, 4
”:%<Owhenx=0 f(x)=?¢0

Intercept: (—2,0
Therefore, <0, —1> is a relative maximum. ept: ( )

9 Vertical asymptote: x = 0
Intercept: <O, —é) Horizontal asymptote: y = 1

y

Vertical asymptotes; x = +3
Horizontal asymptote: y = 1
Symmetric about y-axis

e mm— =
Nw Ao

|

(&}
1

IS

32 x3 ax
14. f(x)—x+¥ 16. f(x)_x2—4_x+x2—4
iy 4 84 (X =40+ 4x + 16) _ _ o X2 —12) B
f(x) =1 3 3 = Owhenx = 4. f(X)—W—O whenx—0,¢2\/§
192 o BX(@ +12) 3
f7(x) = v > 0if x # 0. f7(x) = R —iE =0whenx=0
Therefore, (4, 6) is arelative minimum. Intercept: (0, 0)
Intercept; (—23/4,0) Relative maximum: (—2./3, —3./3)
Vertical asymptote: x = 0 Relative minimum: (2./3,3/3)
Slant asymptote: y = x Inflection point: (0, 0)
y Vertical asymptotes; x = +2

(24,0 o] w Slant asymptote: y = x
\ SN
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2x2 —bx + 5 3
18. y—ﬁ_zx_l"'x_z y(4+2‘/é,7.899)
12+ |
2 _ N/
. (5 20 Dz
V' =x=2:70 B Jad b1
e =
Relative maximum: — —1.8990
Relative minimum: <4 +2\/é, 7.8990)
Intercept: (0, —5/2)
Vertical asymptote: x = 2
Slant asymptote: y = 2x — 1
20. g(x) = x~/9 — x Domain: x 9 22. y=Xx/16 —x¢ Domain: —4 x 4
3(6 — x) 2(8 — %)
‘X)) = ——==0whenx=16 '=——=—%=0whenx= +22
9 =5 o—x VT £2./2
oy 3(x—12) _ L 22X —24) _
g’(x) = 29 = %72 < 0 whenx =6 y’ = 16— 72 - 0 whenx =0
Relative maximum: (6, 6./3) Relative maximum: (2./2, 8)
Intercepts: (0, 0), (9, 0) Relative minimum: (—2./2, —8)
Concave downward on (— oo, 9) Intercepts: (0, 0), (+4, 0)
Symmetric with respect to the origin
Point of inflection: (0, 0)
24. y=3(x — 1)%3 — (x — 1)
, 2 2 —2(x — 143
y ZW—Z(X—l):WZOWhenX:O,Z
(y’ undefined for x = 1)
-2

y =W—2<Oforallx¢l

Concave downward on (— oo, 1) and (1, oo)

Relative maximum: (0, 2), (2, 2)

Relative minimum: (1, 0)
Intercepts: (0, 2), (1, 0), (—1.280, 0), (3.280, 0)
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N

o
<
[

—30¢ — 3+ 2) y
y'=—x+1=0whenx = +1

y’= —2x=0whenx = 0

y y oy Conclusion
—o <x< -1 - + Decreasing, concave up
x= -1 -3 0o | + | Relativeminimum
-1<x<0 + + Increasing, concave up
x=0 -2 | + | 0 | Pointof inflection
O0<x<1 + | - Increasing, concave down
x=1 0 0 | - Relative maximum
1<Xx<oo - - Decreasing, concave down
28. f(x) = %(x — 13+ 2 y

f(x) = (x — 1)2 = 0whenx = 1.
f7(x) = 2(x — 1) = Owhenx = 1.

f(x) | f(x) | f7(X) Conclusion
—oo<Xx<1 + — Increasing, concave down x
X = 2 0 0 Point of inflection
1< X< oo + +

Increasing, concave up

30. f(x) =X+ 1)(x— 2)(x—5)
fX)=xx+21DX—2)+(Xx+1DX—5) +(x—2)(x—5)
=302 —4x+ 1) = Owhenx = 2 + /3.
f7(x) = 6(x — 2) = Owhenx = 2.

Intercepts: (0, 10), (—1,0), (2, 0), (5, 0)

f(x) | (% | f(x) Conclusion (2++/3,-6v3)

—o<Xx<2—-/3 + — | Increasing, concave down

x=2- /3 63 | 0 — | Relative maximum

2— J/3<x<2 - — | Decreasing, concave down

X=2 0 - 0 Point of inflection

2<x<2+ /3 - + Decreasing, concave up

X=2+ .3 -6/3| 0 + | Relative minimum

2+ /3 <x< oo + | Increasing, concave up



414  Chapter 3

Applications of Differentiation

32. y=3x4—6x2+g

y’ = 12x3 — 12x = 12x(x* — 1) = Owhenx = 0, x = +1.

y” = 36x2 — 12 = 12(3x2 — 1) = Owhenx = i?.
y y |y Conclusion
—co < X< —1 — | + | Decreasing, concave up
x=-1 —4/3| 0 | + | Relative minimum
—1<x< —? + | + | Increasing, concave up
X = —? 0 + | 0 | Poaint of inflection
—? <x<0 + | — | Increasing, concave down
x=0 5/3 | 0 | — | Relative maximum
0<x< ? — | — | Decreasing, concave down
= ? 0 | — | 0 | Pointof inflection
? <x<1 — | + | Decreasing, concave up
x=1 —4/3| 0 | + | Relative minimum
l1<x<oo + | + | Increasing, concave up

34 f(x)=x*—8C+ 18— 16x+ 5

f(x) = 43 — 24x%2 4+ 36x — 16 = 4(x — 4)(x — 1)> = Owhenx = 1,x = 4.

f7(x) = 12x2 — 48x + 36 = 12(x — 3)(x — 1) = Owhenx = 3,x = 1.

fx) | (¥ | f7(x) Conclusion
—o<x<1 - + Decreasing, concave up
x=1 0 0 0 Point of inflection
l<x<3 - - Decreasing, concave down
x=3 -16 - 0 Point of inflection
3<x<4 - + Decreasing, concave up
X=4 —-27 0 + Relative minimum
4 < X< oo + Increasing, concave up
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36. y=(x-—-1)>
y’=5(Xx—1)*=0whenx = 1.
y”=20(x — 1)3 = Owhenx = 1.

y y oy Conclusion
—co<x<1 + - Increasing, concave down
x=1 0 0 0 Point of inflection
l1<x<o + + Increasing, concave up

38. y= | —6x+ 5

, _2x—=3(x®—-6x+5 2x—3)(x—-5Kx-1)
Y = e —ex+5 | |x-5x-1)|

= 0when x = 3and undefined whenx = 1, x = 5.

,_ 2%2—6x+5 2x-—5(x-1)
@ —-6x+5 |(x—5Kx-1)

undefinedwhenx = 1, x = 5.

y y’ y” Conclusion
—co<x<1 — + Decreasing, concave up
x=1 0 Undefined | Undefined Relative minimum, point of inflection
1<x<3 + — Increasing, concave down
Xx=3 4 0 — Relative maximum
3<x<5 - — Decreasing, concave down
x=5 0 | Undefined | Undefined Relative minimum, point of inflection
5<Xx< o + + Increasing, concave up
1
40. y=cosx—50032x,0 X 27 y
ol
, . . . T 5
y’= —snx + sin2x = —sinx(1 — 2cosx) = Owhenx = 0, T g 1t
y’= —C0SX + 2C0S2X = —CosX + 2(2 cos?x — 1) 2
-1+
= 4cos?X — cosX — 2 = Owhen cosx = % =~ 0.8431, —0.5931. -2+

Therefore, x = 0.5678 or 5.7154, x = 2.2057 or 4.0775.

; ima: (7 3) (57 3
Relative maxima: <3,4),<3 ,4>

Relative minimum: <7r, —g)

Inflection points: (0.5678, 0.6323), (2.2057, —0.4449), (5.7154, 0.6323), (4.0775, — 0.4449)
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42, y=2(x—2)+cotx, 0<x<m

y’'=2—csc?x =0 whenx =
y” = 2csc?xcotx = 0 whenx =
Rel ative maximum: (%T%T - 5)

. - A U
Relative minimum: (4, 5 3>

Point of inflection: (127 -4

Vertical asymptotes: x = 0, 7

X

N

44, y=secz<%x>—2tan<f>—1, —-3<x<3

8

R E B R R

Relative minimum: (2, —1)

46. g(x) = xcotx, —27m < X < 27

_ sinxcosx — X
sin?x

g'(x)

g’(0) does not exist. But Iirrg XCcotX =
X
Vertical asymptotes. X = +2m, +7

(_37 _m
Intercepts< 2,0),( 2,0).<

Symmetric with respect to y-axis.

Decreasing on (0, ) and (7, 2)

48. 1 =5<xf14_x12>

6

AN

-

6

X = —2, 4 vertical asymptote

y = 0 horizontal asymptote

. X
lim—— = 1.
x 0tanXx

3
>.0)

y = +4 horizontal asymptotes
(0, 0) point of inflection

52. f”is constant.

f’islinear.

f isquadratic.

. y

\

\//
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56.

58.

60.

(any vertical trandate of f will do)

(any vertical trandate of the 3 segments of f will do)

If f(x) = 2in[—5, 5], thenf(x) = 2x + 3 and f(2) = 7 isthe least possible value of f(2). If f(x) = 4in[—5, 5], then
f(x) = 4x + 3and f(2) = 11 isthe greatest possible value of f(2).

3x*—5x+ 3 X4+ x—2

0 =""ar1 62. g9 = "=
Vertical asymptote: none _ x+2)(x—1) _x+2 ifx#1
x—1 Undefined, ifx=1

Horizontal asymptote: y = 3
The rational function is not reduced to lowest terms.

7

N

-1

4

The graph crosses the horizontal asymptotey = 3. If a
function has a vertical asymptote at x = c, the graph hole at (1, 3)
would not cross it since f(c) is undefined.

X2 — 8x — 15 5

.g(x)=2X7=2x+2—7

-5 X—5

-10 "Ii 20

The graph appears to approach the slant asymptote
y=2x+ 2.



418  Chapter 3 Applications of Differentiation

66. f(x) = tan(sin mx)

@ 3 (b) f(—x) = tan(sin(— 7x)) = tan(—sin mx)
LA RA R = —tan(sin m) = —f(x)
/ I"."I U 1'-J'r ]'u'[ ]'u'r Symmetry with repect to the origin
= (d) On (-1, 1), thereis a relative maximum at (3, tan 1)

and arelative minimum at (—% —tan 1).

(c) Periodic with period 2
(€) On (0, 1), the graph of f is concave downward.

68. Vertical asymptote: x = —3 70. Vertical asymptote: x = 0

Horizontal asymptote: none Slant asymptote: y = —x
__x — x4io1¥

y x+3 y X X

72, (%) = %(ax)z ~ (@) = %(ax)(ax ~2,a%0
1
f(x) = a®>x — a=alax — 1) = Owhenx = >

f7(x) = a2 > Ofor al x.

2

(@ Intercepts: (0, 0), (5’ O)

Relative minimum: (1, —1>
a 2

Points of inflection: none

74. Tangentlineat P: y — y, = f/(%)(X — Xo)

(@) Lety =0 =y, = f(X%)(X — %) (b) Letx =0:y — Y = f'(x)(—%p)
F (X)X = % T (%) — Yo Y =Yoo~ % f%)
Yo _ .,  f(x) y = f(x) = %f(%)

XTX T 00 0T Tixy)

_ %)
%)’ O)

y-intercept: (0, f(x,) — %,f'(xy)

-intercept: 1
x-intercep <X0 (d) Letx=0:y — yOZ@(—Xo)

. 1
(c) Normal line: y — y, = “F0) (X = %) = X0
XO) y= yO + f/(
Xo)
1
Lety = O: _yO = _f/(xo) (X - XO)

—Yof(X) = =X+ X

- . X )
-intercept: (0, Y, + =
y-Intercep < yO f(XO)

f(xo)) _ T 1 (%)% + f(x)?

O IPe = yet +

X=X+ Yo () = % + Fx) (%) f(%o) f/(x0)?
x-intercept: (x, + f (%) f/(X,), 0) IpC|2 If(XoNl + [F(x) P
(%)
o f) ()
@ 6] = o~ 15 = %] = |13 (0) |API = TxgP1 O + 57

(@) |AB] = [x; — (X + F(x) ' (X)| = | (%) F(%))] |AP| = [ f(x)| V1 + [f(x)]?
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Section 3.7  Optimization Problems

2. Let x and y be two positive numbers suchthat x + y = S

P=xy=xS—x=—x

dpP S
&—S—Zx—Owhenx—E.
diP: -2 < Owhenx:§
dx? 2

Pisamaximumwhenx =y = S/2.

6. Let x and y be two positive numbers such that
X + 2y = 100.

P =y = y(100 - 2y) = 100y — 2y?

dP

—— =100 — 4y = Owheny = 25.
dy 4 y

d2p

W: —4 < Owheny = 25.

P isamaximum when x = 50 andy = 25.

8. Let x be the length and y the width of the rectangle.
2xX+2y=P

Y=

— X

N[O

P 2Py 2
A—xy—x(2 x)—zx X

dA P P
&—E—Zx—Owhenx—Z.
aA _

P
o -2< Owhenx—Z.

A is maximum when x = y = P/4 units. (A square!)

10. Let x be the length and y the width of the rectangle.

Xy =A

_A

Y=X
F>:2x+2y:2x+2<5>:2x+2—A

X X

dP 2A
&—Z—F—Owhenx—\/ﬂ.

2
Q=%>Owhenx=\/ﬂ.
ax¢ X3

P isminimum when x = y = /A centimeters.

(A sgquare!)

4. Let x and y be two positive numbers such that xy = 192.

S=x+3y:%+3y

ds 192
@—S—F—OWhmy—S.
d?s 384

ﬁfF > OWheny—8

Sisminimumwheny = 8 and x = 24.
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12. f(x) = Vx—8,(2,0) 14. f(x) = (x + 1)2,(5,3)
From the graph, it is clear that (8, 0) is the closest point on d=J{x—-52+[(x+ 12— 3]
the graph of f to (2, 0). - /R IxT BT R+ X 27

= U —-10x+ 25+ x4+ 43— 8+ 4

4t = /x*+ 43+ x2—18x + 29

Since d is smallest when the expression inside the radical
2T / is smallest, you need to find the critical humbers of

gx) = x* + 4C + x2 — 18x + 29
g'(x) = 43 + 12x2 + 2x — 18
=2(x—1)(2x2 + 8+ 9)

(SR 4

I I
t t 1 t t
4 6 8 10 12

By the First Derivative Test, X = 1 yields a minimum.
Hence, (1, 4) is closest to (5, 3).

% . . .
16. F= 2 1 0.02v2 18. 4x + 3y = 200 is the perimeter. (see figure)

dF 22— 0022 A=2xy= &(M) ~ 85— 0

dv (22 + 0.02v?)2 3 3

= Owhenv = /1100 =~ 33.166. ?% = 2(50 — 2x) = Owhen x = 25.
X
By the First Derivative Test, the flow rate on the road is aA 16
maximized when v = 33 mph. - 3 < Owhenx = 25.

Aisamaximumwhen x = 25feetandy = % feet.

=X x - N

20. = — 2%)2
@ Height, x | Length & Width Volume (B) V= x(24 - 220 < x < 12
1 24 — 2(1) 124 — 2()]? = 484 (d) n
2 24 — 2(2) 2[24 — 2(2)]2 = 800
3 24 — 2(3) 3[24 — 2(3)]2 = 972
4 24— 24) | 424 - 24 = 1024 i .
5 24 — 2(5) 5[24 — 2(5)]2 = 980 The maximum volume seems to be 1024.
6 24 — 2(6) 6[24 — 2(6)]> = 864
dv
(c) vl 2X(24 — 2x)(—2) + (24 — 2x)2 = (24 — 2x)(24 — 6X)
= 12(12 — x)(4 — x) = Owhen x = 12, 4 (12 isnot in the domain).
dav
@ = 12(2X - 16)
d2v
@ < Owhenx = 4.

When x = 4,V = 1024 is maximum.
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22. (& P=2x+ 27r hy |
'¢§ O\
y ol e |V
= 2x + 27r<§> - A
|e——— X——>
=2x + 7y = 200
yzng(loo,x)
w m
(b) .
Length, x Width, y Area, xy
2 2
10 —(100 — 10) (10)— (100 — 10) =~ 573
v w
2 2
20 7—7(100 - 20) (20)7—7 (100 — 20) =~ 1019
2 2
30 ;(100 - 30) (30)77 (100 — 30) = 1337
2 2
40 ;(100 — 40) (40);(100 — 40) =~ 1528
2 2
50 ;(100 — 50) (50);(100 — 50) =~ 1592
2 2
60 7—7(100 — 60) (60)7—7(100 — 60) = 1528

The maximum area of the rectangle is approximately 1592 m?.

(©) A=xy= xg(loo - X) = g(100x — X3
o a

(e) 2000

0 100
0

Maximum area is approximately

1591.55 m? (x = 50 m).

24. You can see from the figurethat A = xy andy = 6 ; X y
6L
6 — X 1 5+
A:X( 2 )ZE(BX_XZ)' o =t
3
dA _ 1. o= _ 2r )

dx_2(6 2xX) = Owhenx = 3. .

d2A L2456

@: —1 < Owhenx = 3.

Alisamaximumwhen x = 3andy = 3/2.
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26. (@) A= %basex height

- J2vis - )@+ h

= /16 — h(4 + h)
dA 1 v

o = 516 — WA= 204 + h) + (16 ~ V2
(16 — P~V —h(4 + h) + (16 — h?)]
_ -2+ 20 -8 _ —2h+4h-2

V16 — h? V16 — h?
3—? = 0 when h = 2, which is amaximum by the First Derivative Test.
Hence, the sides are 2./16 — h? = 4./3, an equilateral triangle. Area = 12./3 sq. units.
© cose— At _ JA+h
J/8/4 + h V8 Jven
— h2
tan o = Y18

Area = 2(%)(@)(4 + h)

— (4 + h2tana

4+ h L
N4

= 64 cos* a tan «
A’(a) = 64[cos* a sec? a + 4 cos® (—sina)tan o] = 0
costasec?a = 4¢c0s® a Sin e tan «

1l=4cosasSinatan o

1 .
Z=sn2a

sina:1 a=30and A = 12./3.

2
(c) Equilateral triangle
28. A= 2xy = 2x/r? — x? (seefigure) y
dA_ 2 - 2¢) _ Owhenx = —ﬂr
x P 27 (_X'\/F) X

By the First Derivative Test, A is maximum when the rectangle has dimensions

by (Var)/2.

(-1.0)

.0
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30.

32.

36.

36
Xy = 36 y=+

A:(x+3)(y+3)=(x+3)<%+3>

:36+1%8+3x+9

dA  —108
dx X2

+3=0 3x% = 108 X=6,y=6

Dimensions; 9 x 9

V = 7zrr?h = V, cubic unitsor h = %

S=2mr?+ 2nrh = 2<77r2 + %)

% _ ofam - %) - - o/ Youn
a 2(2711 2) = Owhenr = o Units.

L Ve Vet v
N AR VR e e

2r

By the First Derivative Test, this will yield the minimum surface area.

V = 7r2x
X+ 2ar =108 x = 108 — 27r (seefigure)
V = 7r%(108 — 27r) = m(108r2 — 27r3)

dv
o w(216r — 6712 = 67r(36 — 7r)
= Owhenr = ﬁandx= 36.
T
2
d—\zl = (216 — 127r) < Owhenr = ﬁ.
dr T

Volume is maximum when x = 36 inchesand r = 36/ 7 = 11.459 inches.

V= 7x°h = 7rx2(2\/r2 - x2) = 2mx%/r?2 — x2  (seefigure)

& 277[x2<%>(r2 )2 + 2xm]
27X

N

2r2 — 3x?)

az Ve

= - 2
Owhenx = 0and x 3 X 3

By the First Derivative Test, the volume is a maximum when

X = /o andh = A.
3 V3
Thus, the maximum volume is

o)) 55

e—— X+ 33—

|—— X ——

e——  —————
w
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38. No. The volume will change because the shape of the container changes when squeezed.

40. V = 3000 = ﬂ7-rr3 + @r2h

3
L _3000 4
wrz 3

Let k = cost per square foot of the surface area of the sides, then 2k = cost per square foot of the hemispherical ends.

C = 2k(4wr?) + k(2zwrh) = k[87'rr2 + 27Tr<

mr2

dc

dr
By the Second Derivative Test, we have

d°C  [32 . 12,000 - \3/1125
drz—k[37r+ 3 ]>0Whenr— o

2

Therefore, these dimensions will produce a minimum cost.

42. (a) Let x be the side of the triangle and y the side of the
square.

A= §(cot I)xz + ﬂ(cot 7ZT)yZ where 3x + 4y = 20

4 3 4
V3, ( 3)2 20
—4x+5—4x,0 X 3
=P dls - )(-5) -
A—2x+25 2 4—0
60
X=—=>
4/3+9

When x = 0, A = 25, when x = 60/(4./3 + 9),
A = 10.847, and when x = 20/3, A = 19.245. Areaiis
maximum when all 20 feet are used on the square.

(c) Let x be the side of the pentagon and y the side of the
hexagon.

_5 T\ 6 2 —
A= 4(cot S)X +4<cot 6>y where 5x + 6y = 20

_ §(Cot7l)xz N §(¢§)<20 - 5")2, 0 x 4

4 5 2 6
,_5 . A _5)(20 = 5%\ _
A= 2(cot 5)er 3\/3( 6)( 5 ) 0
X = 2.0475

When x = 0, A = 28.868, when x =~ 2.0475,
A = 14.091, and when x = 4, A = 27.528. Area
is maximum when all 20 feet are used on the hexagon

3000 4

)] - (e 4 S0
3 r

- = k[g—;wr - 6?80] = Owhenr = \3/1125 ~ 5.636 feet and h ~ 22.545 feet.

(b) Let x be the side of the square and y the side of the pen-
tagon.

_4 m\ o, D 2 _
A= 4(cot 4)x + 4(cot 5>y where4x + 5y = 20
4 \2
=x2 + 1.7204774(4 - gX) ,0 x b

A'=2x— 2.75276384(4 - gx) =0

X =~ 2.62

When x = 0, A = 27.528, when x = 2.62, A = 13.102,
and when x = 5, A = 25. Areais maximum when all 20
feet are used on the pentagon.

(d) Let x be the side of the hexagon and r the radius of the
circle.

A= g(cot%)xz + wr2where6x + 27r = 20
— 37\/§X2 + T

= 2 X -

(10 3X>2 10
- _ - , O
T 3

A’=3ﬂ—6<1—0—%>=0
w T

X =~ 1.748

When x = 0, A = 31.831, when x = 1.748, A =~ 15.138,
and when x = 10/3, A = 28.868. Area is maximum when
all 20 feet are used on the circle.

In general, using all of the wire for the figure with more
sides will enclose the most area.
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44. Let A be the amount of the power line.
A=h-y+2/2+y
dA _ 2y

dy —1+7m=0Wheny=
dA_ 2 ey X
Y RN |

X
7

The amount of power lineis minimum wheny = x/ /3.

46. f(x) = %xz
€Y o

f
[¢]
4

—
() dx) = fF(x) — g = 2x2 — (&xt -
dX)=2x-p¢=0 8 =x3

x = 0,2/2(in[0, 4])

The maximum distanceisd = 4 when x = 2./2.

g(x) = x4 — 3x2 on [0, 4]

(©) f(x) = x, Tangent lineat (2./2, 4) is
y—4=2/2x-2.2)
y=2J2x— 4.
g'(x) = 5 — x, Tangent line at (2./2, 0) is
y - 0=(3(2v2P - 2v2)(x - 2v2)
y=2/2x-8.

The tangent lines are parallel and 4 vertical units apart.

(d) Thetangent lines will be paralldl. If d(x) = f(x) — g(x),
thend’(x) = 0 = f/(x) — g’(x) impliesthat f'(x) = g’(x)
at the point x where the distance is maximum.

10— y2_ L
ZX)_X_16X4

48. Let F betheillumination at point P which is x units from source 1.

_ kiy ki,
F=% (d — x)2
dF =2k, 2K, 2Ky 2K,
dx x3 (d—x)3_0When X (d—x?3
Y, x
3, d-x
d=x ¥, =x¥,
d¥h, =x(¥i, + ¥,
_ 4y
Yi,+ U,
dF 6Kl | 6K, _d¥,
o~ (d—x)4>0WhenX_§/E+§/E'
This is the minimum point.
2 —
50.(a)T=‘/X +4+(3 X) ) ar _ X _1:0
2 4 dx 2x+4 4
Ny _x _1
2 I +4 2
X 3-x —
e 22=x2+4
X2 =4
X=2

—CONTINUED—

T2) = V2 + %fhours
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50. —CONTINUED—

\/x2+4+(3—x)

© T=" S (d) Cost= X+ 4C, + (3 - G,
1 2
2 _
o il :@”&cﬁ
dx wE+4 v,
1
X VW From above, sin 0 = 1;21 = %
IE+4 v, 2 1
sinf = el
\Z
Vi
0 depends on — only.
Vo

X+ dy? | V2 + (a—x?

52. T= y v 54. C(x) = 2kX® + 4 + k(4 — x)
1 2
2xk
CW=—Fr—=-k=0
a_ x-a _, 0= era
dx  v,/%+d?2  vJ/d?+ (a— x)? = ST
Since
42 =x>+4
X . X—a .
————=38n§, and —F————= = —dind =
V¥ +d2 YT VA2 + (a— %2 2 =4
2
we have X= ﬁ
sinel_sjnozio sinf; _sin6, ) . cC, 1
v, v, - v, - v, Or, use Exercise 50(d): smG:E:
1
Since 2
Thus, x = —.
LZT 3 dlz N d22 >0 \/é
dx2 v+ d2)¥2  v[d2 + (a— )22 e
this condition yields a minimum time. 2
X 4-x
56. V:%wrzh:%wrz 144 — r?
(ch\r/ = %w[r2<%>(144 —r3)Y2(=2r) + 2r /144 — rz}
1 [288r — 3r3 [ r(96 —r?
=g ———| = "l ——=| = Owhenr = 0, 4./6.
377[ 144—r2] 7 144—r2] V6

By the First Derivative Test, V is maximum whenr = 4/6 and h = 4./3.
Areaof circlee A = 7(12)2 = 144«

Lateral surface areaof cone: S= m(4./6)/(4/6)2 + (4/3)2 = 48./67
Areaof sector: 1447 — 48 /67 = %Gr2 =726

g 1447 — 486w _ 2m

= 3 (3 - /6) =~ 1.153 radians or 66
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58. Let d be the amount deposited in the bank, i be the interest rate paid by the bank, and P be the profit.
P=(012)d - id
d = ki2 (sncedisproportional toi?)
P =(0.12)(ki?) —i(ki?) = k(0.12i2 — i3

P 0241 - 3i2) = owheni = 222 — 008

di 3
d2p ) .
G k(0.24 — 6i) < Owheni = 0.08 (Note: k > 0).

The profit is a maximum wheni = 8%.

-_1 2
60. P = —q s+ 657+ 400

P 3o e Byo_ag - _os=
@ e T 105(5 40) = Owhenx = 0, s = 40.
d2P 3
dsz——gs+12

d2r . .
@(0) >0 s= 0yiedsaminimum.

2|
%(40) < 0 s= 40yieldsamaximum.

The maximum profit occurs when s = 40, which corresponds to $40,000 (P = $3,600,000).

d2P 3
(b) 9z *§S+ 12 = Owhens = 20.

The point of diminishing returns occurs when s = 20, which corresonds to $20,000 being spent on advertising.

62. S, = |[4m — 1| + |5m — 6| + |10m — 3|
Using a graphing utility, you can see that the minimum occurs when m = 0.3.
Liney = 0.3x
S, = |4(0.3) — 1] + |5(0.3) — 6] + |10(0.3) — 3| = 4.7 mi.
S
0L
201

10

(0.3,45)

t +
1 2 3
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64. (a) Label thefigure so that r2 = x2 + h2.
Then, the area A is 8 times the area of the region

given by OPQR:
h
2
R
o h
P T
(1
A= 8l + (x - h)h]
=8 %(rz—x2)+(x— JZ=%) r2—x2]

=812 — %2 + 42 — 4r?

8x2
A(X) =8Ur2 —x — ——
() >
87)(2_8 8\/ﬁ
N X + r2 — x

X2 = xJ/12 = R + (12 = %)
222 —r2=xJ/rz2—x2
At — 4X2r2 4 14 = X3(r2 — x?)
5x* — 5xr? + r* = 0 Quadraticin x2.

2 4 _ ! 2
5r¢ + /25r 20r r [ . ﬁ]

X2 = _
10 10
Take positive value.
> +10\/S ~ 0.85065r Critical number

r2 r2

(c) Notethat X2 = —(5 + \@) andr? — x2 = —(5 - \@)

10 10

A(X) = 8X/I? — X2 + 4x2 — 4r2

2+8x=0

(b) Note that sing = ?and cosg = % The area A of the

cross eguals the sum of two large rectangles minus

the common sguare in the middle.
A = 2(2x)(2h) — 4h? = 8xh — 4h?

.0 0 .0
— qQr2 4 Y _ a2 27
8r sm20052 4r2 sin >

. . .0
= 4r2 _ g2
4r (sme sin 2)

A9 = 4r2<coso — sin%cos%) =0

.0 0 .
cose—smzcosz— 2siné6

tan 0 = 2
0 = arctan(2) =~ 1.10715 or 63.4°

= 8[%(5 - fs)i—g(s - \/6)]1/2 - 4%(5 + /B) — ar2

r4 1/2 2
= 8[—(20)] +2r2 + gﬁrz — 4r2

10
— grz\/g — o2 4 L\S/Erz

= 2r2[g£ —1+ ‘f] =22 /5 - 1)

Using the angle approach, notethat tan # = 2,sin 6 =

Thus, A(9) = 4r2<sin 0 — sin? g)

2 1y 1
A )
_ 4r2(\/2§ -1 _ 22 /5 - 1)

isand sin2<g> = %(1 — cosf) = 1(1 — 1>.

2 2 NG
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Section 3.8 Newton’s Method
2. f(X):2X2—3 f( ) f( )
n Fx) | 10 | 1025 | %y = 1o
f1(x) = 4x % % )t (%) T (%)
=1 _ _1 )
1 1 1 4 2 2
2 % =125 0125 | 5.0 | 0.025 1.225
f/(x) = sec? x (%) f(x,)
x, = 0.1 1 | 0.1000 0.1003 1.0101 0.0993 0.0007
2 | 0.0007 0.0007 1.0000 0.0007 0.0000
6. fx)=x>+x—-1 f(x)) f(x,)
n f f/ n — n
Approximation of the zero of f is 0.755. 1 | 0.5000 | —0.4688 1.3125 —-0.3571 0.8571
2 | 08571 0.3196 3.6983 0.0864 0.7707
3 | 0.7707 0.0426 2.7641 0.0154 0.7553
4 | 0.7553 0.0011 2.6272 0.0004 0.7549
. =X—2Jx+
8 fx)=x—2Ux+1 / F(x.) k)
niox fix) | Fx) | & )
f/(x) — 1 _ 1 f (xn f (Xn)
Vx+ 1 1 5 0.1010 | 0.5918 | 0.1707 4.8293
Approximation of the zero of f is 4.8284.
2 | 4.8293 | 0.0005 | 0.5858 | .00085 4.8284
10. f(x) =1— 23
f(x,) f (%)
fi(x) = —6x° n f(x /i —
Approximation of the zero of fis0.7937.
1 1 -1 -6 0.1667 0.8333
2| 0.8333 | —0.1573 | —4.1663 | 0.0378 0.7955
3| 0.7955 | —0.0068 | —3.7969 | 0.0018 0.7937
4 | 0.7937 | 0.0000 | —3.7798 | 0.0000 0.7937
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12.

14.

16.

18.

20.

f(x) =%x4—3x—3

f(x)=23—-3

Approximation of the zero of fis —0.8937.

Approximation of the zero of fis 2.0720.

f(x) = x3 — cosx
f(x) = 3x% + sinx

Approximation of the zero of f is 0.866.

h(x)=f(x)—g(x)=3—x—x2Jr1
2X

h/(X) =—-1+ m

Point of intersection of the graphs of f and g occurs

when x = 2.893.

h(x) = f(x) — g(x) = X2 — cosx
h’(x) = 2x + sinx

One point of intersection of the graphs of f and g occurs
when x = 0.824. Since f(x) = x2 and g(x) = cosx are

f (%) f (%)
f /i —
X (%) 0a) | ooy o)
-1 0.5 -5 -0.1 -0.9
-09 0.0281 | —4.458 | —0.0063 | —0.8937
—0.8937 | 0.0001 | —4.4276 | 0.0000 —0.8937
f(x)) f(x,)
X, f f/(x — X, —
n (Xn) ( n) f/(xn) n f/(xn)
2 -1 13 —0.0769 2.0769
2.0769 | 0.0725 | 14.9175 | 0.0049 2.0720
2.0720 | —0.0003 | 14.7910 | 0.0000 2.0720
f(x,) f(x,)
f / —nc —
0.9000 0.1074 3.2133 0.0334 0.8666
0.8666 0.0034 3.0151 0.0011 0.8655
0.8655 0.0001 3.0087 0.0000 0.8655
h(x,) h(x,)
n h h'l — - — —nc
2.9000 | —0.0063 | —0.9345 0.0067 2.8933
2.8933 0.0000 | —0.9341 0.0000 2.8933
h(x,) h(x,)
n X, h(x h’ n —
1 | 0.8000 | —0.0567 2.3174 —0.0245 0.8245
2 | 0.8245 0.0009 2.3832 0.0004 0.8241

both symmetric with respect to the y-axis, the other point

of intersection occurs when x = —0.824.

fxx=x"—a=0
f(x) = nxn—1

X" — a
nxinfl

X1 =% —

o nx"-x"ta_ (h-1)x"+a
- nxinfl - nxinfl




(b) x, = 1.8

oy f(x) _
Xo = X; Flxg) 6.086

() x, =3

RV (Y
Xo = X, ) ~ 3.143

(3.143,0)

(3,0.141)
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_x2+5 2% +15
22. X1 = " 24. X1~ g
i 1 2 3 i 1 4
X | 2.0000 | 2.2500 | 2.2361 | 2.2361 ¥ | 2.5000 | 2.4667 | 2.4662 | 2.4662
V5~ 2236 3/15 ~ 2.466
26. f(x) = tanx
, n | x|t |t | AR T
f/(x) = sec? x f(x,) (%)
Approximation of the zero: 3.142 1 | 3.0000 | —0.1425 | 1.0203 | —0.1397 3.1397
3.1397 | —0.0019 1.0000 —0.0019 3.1416
3 | 3.1416 0.0000 1.0000 0.0000 3.1416
28, y =43 — 122+ 12x — 3 = f(x) 30. f(x) = 2sinx + cos 2x
Yy =12 — 24x + 12 = f(x) f/(X) = 2cosx — 2sin 2x
3 37
X, = E Xy = 7
f/(x,) = O; therefore, the method fails. Fails because f'(x,) = 0.
f (%) f (%)
n f f : - = n f 1
X | 100) | FO0) | E60Y | % T T % | fx) (%)
3| 3 1 37| _
1 5 > 3 5 1 1 > 3 0
2 1 1 0 — —
32. Newton's Method could fail if f/(c) = 0, or if theinitial value x, is far from c.
L =f(x) — x= -
34. Letg(x) (X) —x=cotx — X . 460 o60) g0x) g%
g'(x) = —cse?x — 1. " 9'(%,) 9'(x,)
The fixed point is approximately 0.86. 1.0000 | —0.3579 | —2.4123 0.1484 0.8516
0.8516 0.0240 —2.7668 | —0.0087 0.8603
0.8603 0.0001 —2.7403 0.0000 0.8603
36. f(x) = sinx, f(x) = cosx
@ 2 (d v
2 (1.8, 0.974)

The x-intercepts correspond to the values resulting
from the first iteration of Newton’s Method.

(e) If theinitial guess x, is not “close to” the desired zero
of the function, the x-intercept of the tangent line may

approximate another zero of the function.
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38. (&) X1 = %(2 — 3x,)

() X1 = X,(2 — 11x,)

i 1 2 3 4 [ 1 2 3 4
X | 0.3000 | 0.3300 | 0.3333 | 0.3333 % | 0.1000 | 0.0900 | 0.0909 | 0.0909
1~0333 L ~ 0001
40. f(x) = xsinx, (0, m) y
f(x) = xcosx + sinx=0 4t
Letting F(x) = f(x), we can use Newton's Method as follows. z (2029, 1620
[F(x) = 2cosx — xsinx] A
, F (%) _F(x) : x
n Xq F(Xn) F (Xn) F’(Xn) Xn F’(Xn) i3 37 \
1 | 2.0000 0.0770 | —2.6509 | —0.0290 2.0290
2.0290 | —0.0007 | —2.7044 0.0002 2.0288
Approximation to the critical number: 2.029
42. y=1f(x) =3, (4, -3 y
d=JV/(x—42+(y+3°%=J/(x—42+ (+3?=/x*+ 72— 8+ 25 z
disminimumwhen D = x* + 7x2 — 8x + 25 isminimum. 11/ (0529,0280)
gx) =D’ = &C + 14x — 8 e 1z
g'(x) = 12x* + 14 -2
34 4, -3)e
. 9 (%) 9(x,)
n X =N —
%a 9(x,) 9'(%,) ) | % g
1 | 0.5000 | —0.5000 [ 17.0000 | —0.0294 0.5294
0.5294 0.0051 | 17.3632 0.0003 0.5291
3 | 05291 | —0.0001 | 17.3594 0.0000 0.5291
x = 0.529
Point closest to (4, — 3) is approximately (0.529, 0.280).
. 32+t
44, Maximize: C = f (%) f (%))
50 + t Xq (%) (%) ) 7o)
cr= M o200 _, 1 | 45000 | 124375 | 9150000 | 00136 | 4.4864
(50 + ) 4.4864 0.0658 904.3822 0.0001 4.4863

Letf(x) = 3t* + 2t — 300t — 50
f(x) = 12t + 6t2 — 300.

Sincef(4) = —354 and f(5) = 575, the solution isin the interval (4, 5).
Approximation: t = 4.486 hours
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46. 170 = 0.808x3 — 17.974x% + 71.248x + 110.843,1 x 5

Letf(x) = 0.808x% — 17.974x2 + 71.248x — 59.157
f/(x) = 2.424x2 — 35.948x + 71.248.

From the graph, choose x;, = 1 and x; = 3.5. Apply Newton's Method.

f f
0ok |t |t | |
1 | 1.0000 | —5.0750 | 37.7240 | —0.1345 | 1.1345
2 | 11345 | —0.2805 | 33.5849 | —0.0084 | 1.1429
11429 | 00006 | 333293 | 00000 | 1.1429
. f (%)) f(x,)
n Xn f(xn) f (Xn) f'(Xn) Xn — f/(xn)
1 | 35000 | 46725 | —24.8760 | —0.1878 | 3.6878
2 | 36878 | —0.3286 | —28.3550 | 00116 | 3.6762
3 | 36762 | —0.0009 | —28.1450 | 0.0000 | 3.6762

The zeros occur when x = 1.1429 and x = 3.6762. These approximately correspond to engine speeds of 1143 rev/min and
3676 rev/min.

48. True 50. True
52. f(x) = V4 — x2sin(x — 2)
Domain: [—2, 2]
X = —2and x = 2 are both zeros.
X .
f(x) = V4 — x2cos(X — 2) — —=sin(x — 2
Letx, = —1
f (%) f (%)
n f f —
Xn (Xn) (Xn ) f /(Xn ) f /(Xn)
1 | —1.0000 | —0.2444 | —1.7962 | 0.1361 —1.1361
2 | —1.1361 | —0.0090 | —1.6498 | 0.0055 —1.1416
—1.1416 0.0000 | —1.6422 | 0.0000 —1.1416

Zeros. X = +2, X~ —1.142

y

7x
1 2
R
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Section 3.9 Differentials
2. f(x) = — = 6x°2 X 19 199 | 2| 20 2.1
- f 1.662 15151 | 1. 1.4851 | 1.
00 = — 123 = Xiz (x) 6620 | 15151 | 15| 14851 | 1.3605
. 3 T(x) = —=x + 9 1.65 1515 | 15| 1485 1.35
Tangent line at 2,5 : 2
3
Y- o= =2 =X~ 2)
=32
y=7273%
4. f(x) = Vx X 19 199 | 2 201 |21
(e — 1 f(x) = /X 1.3784 | 1.4107 | 1.4142 | 1.4177 | 1.4491
f(x)
2% 1
Tangent line at (2’ ﬂ) T(x) = % + % 1.3789 | 1.4107 | 1.4142 | 1.4177 | 1.4496
y—1(2 =f(2x -2
y-V2=tix-2)
2.2
X 1
PN RV
f(x) = cscx
f/(x) = —cscxcot x
Tangent lineat (2,csc2): y— f(2) = f(2)(x — 2)
y —csc2 = (—csc2cot 2)(x — 2)
y = (—csc2cot2)(x — 2) + csc2
X 1.9 1.99 2 2.01 2.1
f(x) = cscx 1.0567 | 1.0948 | 1.0998 | 1.1049 | 1.1585
T(X) = (—csc2cot2)(x — 2) + csc2 | 1.0494 | 1.0947 | 1.0998 | 1.1048 | 1.1501
8 y=fx)=1—-2f(X) = —4x,x=0,Ax=dx = —-0.1
Ay = f(x + Ax) — f(x) dy = %) dx
=f(-0.1) — f(0) = f/(0)(—0.1)
=[1-2(-0.1)73 - [1 - 2(0)4] = —0.02 = (0)(-01) =0
10. y=f(x) = 2x+ 1,f(x) = 2,x = 2, Ax = dx = 0.01
Ay = f(x + Ax) — f(x) dy = f/(x) dx
= f(2.01) — f(2) = {/(2)(0.01)
=[2(2.01) + 1] — [2(2) + 1] = 0.02 = 2(0.01) = 0.02
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y = 3x%/3 14 y=/9-x
dy = 2x 3dx = idx _1 9 — ) 12(— 2k = — % i
173 dy
X 2 NCEE
y:\/;(*’fl 18. y = xsinx
VX

dy = (xcosx + sinx) dx

(1 1) x-1
dy‘(zJX 2x\/x> &=

y = X’f‘fﬁ 22. (&) f(19) = (2 - 0.0) = f(2) + (2(~0.0)
[ + 1)2 sec® x tan x — sec? x(2x) ~1+(-1(-01)=11
dy = [ 0@ + 1)2 ] o (b) £(2.04) = f(2 + 0.04) = f(2) + £(2)(0.04)
_ [2 SeCZX(tha;'IX + zan X — x)} dx ~ 1+ (—1)(0.04) = 0.96
X2+ 1)
(@ f(1L9) = f(2 — 0.1) = f(2) + f(2)(-0.1) 26. (a) g(2.93) = g(3 — 0.07) ~ g(3) + g’(3)(—0.07)
~1+0(-01) =1 ~ 8+ (3)(—007) = 7.79
(b) £(2.04) = f(2 + 0.04) = f(2) + £(2)(0.04) (b) g(3.1) = g3 + 0.1) = g(3) + g’(3(0.1)
~1+0004) =1 ~8+ (3)(0.1) = 83
. (8 g(2.93) = g(3 — 0.07) = g(3) + g’(3)(—0.07) 30. A=1phb=36h=50
~ 8 + 5(—0.07) = 7.65 db = dh = +0.25
(b) 9(3.1) = g3+ 0.1) = g(3) + g'(3)(0.1) dA =3bdh + ihdb
~8+5(0.1) =85 AA =~ dA = 1(36)(+0.25) + 3(50)(+0.25)

= +10.75 square centimeters

x = 12 inches 34. () C = 56 centimeters
Ax = dx = +0.03inch AC = dC = +1.2 centimeters
— v3
@ V=x C=2nr r=2£
dV = 3x2dx = 3(12)%+0.03) &
C\2 1
= +12.96 cubic inches A=qr2= w(—) =-—C2
2 4
(b) S=6x 1 1 336
dA=-—CdC = —(56)(+1.2) = —
dS = 12x dx = 12(12)(+0.03) 27 2, P012) = =
= +4.32 square inches dA _  3B6/m _ 0
A [1/(4m)](56)? 0.042857 = 4.2857%
dA _ (1/2mCdC _ 2dC
® 5= (1/4mc2 = C 0.03
d£ % = 0.015 = 1.5%

Cc 2
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36. P = (500x — x?) — (%xz — 77x + 3000), x changes from 115 to 120

= (500 — 2x — x + 77)dx = (577 — 3x) dx = [577 — 3(115)](120 — 115) = 1160

1160

) dp
. a7 — ~ 0,
Approximate percentage change: 5 (100) 4:,}517.50(100) 2.7%
38. V= 37r3r =100cm, dr = 0.2cm 4. E
AV = dV = 47r?dr = 47(100)%(0.2) = 80007 cm3 R
dr
drR
ks
R
42. See Exercise 41. 4. h=
1 . 1 o=
A= E(base)(haght) = E(Q.Scot 0)(9.5) = 45.125 cot 9 dh =
dA = —45.125 csc? 0 do dh

‘dj _csc?9de  do
cot 6 sin 6 cos 0

_ 0.25°
(sin 26.75°)(cos 26.75°)

_ 0.0044
(sin 0.4669)(cos 0.4669)

~ 0.0109 = 1.09% (in radians)

46. Letf(x) = ¥x,x=27,dx=—1

, _ 1
f(x + Ax) = f(x) + f(X)dx = Ix + 337\/de

Y26~ 327 + 1)=3—2—17z2.9630

3 \3/ 272
Using acalculator, ¥/26 =~ 2.9625

48. Letf(x) = x3,x = 3,dx = —0.01.

f(x + Ax) = f(x) + f/(X) dx = x® + 3x2dx

X

f(x + Ax) = (299)° = 3 + 3(3)2(—0.01) = 27 — 0.27 = 26.73

Using acalculator: (2.99)° ~ 26.7309

_—(ENdd _ d

E/I

50tan 6

71.5° = 1.2479 radians

,‘g
I

50sec? 6 - d6

50 sec?(1.2479)
50 tan(1.2479)

y

9.9316 9316
2.9886 9886

||

o

.06

o

.06

0.018

50 ft
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50. Letf(x) = tanx, x = 0, dx = 0.05, f/(x) = sec? x. 52. Propagated error = f(x + Ax) — f(x),

Then x 100.

relative error = ‘%‘ and the percent error = ‘%
f(0.05) = f(0) + f/(0)dx
tan 0.05 =~ tan 0 + sec? 0(0.05) = 0 + 1(0.05).
56. False
54, True,ﬂzd—y: a

Ax dx Letf(x) = /X x = 1,and Ax = dx = 3. Then

Ay=f(x+Ax) —f(x) =f(4) —f(1) =1

and

_ ¢ -1 .3
dy—f(x)dx—z\/i(S)—z.

Thus, dy > Ay in this example.
Review Exercises for Chapter 3

2. (@ f(4) = —f(-4) = -3 (b) f(=3) = —fQ@) =—-(-4 =4

(d) Yes. Sincef (-2) = —f(2) = —(-1) =1and
f(1) = —f(—1) = —2, the Mean Value says that there
exists at least one value cin (—2, 1) such that

fQ) —f(-2) _—2—-1_

1-(-2 1+2

(e) No, Iirrg)f(x) exists because f is continuous at (0, 0).
X

flc) = -1

(f) Yes, fisdifferentiableat x = 2.
At least six critical numbers on (—6, 6).

4. f(x) = [0, 2] 6. No. fisnot differentiableat x = 2.

X
Ve+1
100 = x| ~50¢ + 122K | + ¢ + 1)
_ 1
T e+ 1
No critical numbers
Left endpoint: (0, 0) Minimum
Right endpoint: (2, 2//5) Maximum

8. No; the function is discontinuous at x = 0 which isin theinterval [—2, 1].

10. f(x):%,l X 4 12. fx) = /x—240 x 4
P
f/(x)zfxilz f(X)—T\/;(—Z
fb)—fa (/4 -1 -3/4 1 flb) ~f(@) _-6-0__3
b-a  4-1 3 4 b-a 4-0 2
_ (o= Lt _,__3
o= b= -1 CEPV LR

c=2 c=
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Applications of Differentiation

14. fx) =2 -3+ 1
f(x) = 4x -3

f(b)ff(a):2171:5
b-a 4-0

f(c)=4c—3=5

¢ = 2 = Midpoint of [0, 4]

16. g(x) = (x + 1)3
g'(x) = 3(x + 1)
Critical number: x = —1

18. f(x) =snx+cosx, 0 X 27
f/(x) = cosx — sinx
Critical numbers: x = = x = Sm
' 4’ 4
3 . [7X
20 = 2qn| T -
g(x) an( > 1), [0, 4]

=0Whenx=1+§,3+g
T T

Relative maximum: <1 + g, §>
T 2

Relative minimum: (3 + g, —§>
T 2

Interval —o<Xx<-1| -1<x<oo

Sign of g'(x) g(® >0 gx >0

Conclusion Increasing Increasing

Interval 0<x<g 77:<x<57?7 57?7<x<27-r
Sign of f'(x) f(x) >0 f(x) < 0 f(x) >0
Conclusion Increasing Decreasing Increasing

22. (8 y = Asin(/k/mt) + Bcos(/k/mt)
y’ = AJk/mcos( Vk/mt) — B/k/msin(/k/mt

— Owhen sin/k/mt _A
cosvk/mt B
Therefore,
sin(Vk/mt) = A
VA + B?
B
k/mt) = ——.
cos{ Vi/mt) = =

Whenv =y’ =0,
A

y= A(m) * B(im

tan(Vk/mt) = g
B ) -

1
F — =
requency 2] i

Test Interval 0<x<1+g 1+£<x<3+g 3+§<x<4
T v o aw
Sign of g'(x) g >0 g <0 g(x >0
Conclusion Increasing Decreasing Increasing
. 2
b) Period:
(b) m

i\/k/m
27
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24 f(x) =(x+23*x—4) =x3—12x — 16
f(x) = 3% — 12
f”(x) = 6x = Owhenx = 0.
Point of inflection: (0, —16)

26. h(t)=t—4V/t+ 1 Domain: [—1, c0)
2

h’(t)=1fﬁ=0 t=3
e 1
WO =5 e

h”(3) = % >0 (3, —5) isareative minimum.

30. C= (3)5 + (g)r

d€c _ Qs '_o
dx X2 2
Qs_r
X2 2
x2—2QS
r
o /20
r
. o 2/x
34 Xllno]o 3 +5 x“";'oa +5/x2 0
5x2
3800 =275
5x2 . 5

lim > = lim ——~— =5
Y2 T (259

Horizontal asymptote: y = 5

Test Interval —o0 <Xx<0 0 < X< oo

Sign of f”(x) f(x) <0 f(x) >0

Conclusion Concave downward | Concave upward

28. y

PN WA O N
P I S S

11234567

32. (d) S= —0.1222t3 + 1.3655t> — 0.9052t + 4.8429
() =

0

() S'(t) = Owhent = 3.7. Thisis amaximum by the
First Derivative Test.

(d) No, because the t2 coefficient term is negative.

36, lim —X — jim——2_—3
X e X4 x o J1+ 4%

3x
010 =
lim —X i X
X oo SXEF2 x w2+ 2/JR
- lim——2___—3
<% /T (2/%)
lim X~ jim X
S Ao e R 2/ )
- gim =3 _ 3

x —eo =1+ (2/%7)
Horizontal asymptotes: y = +3
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2
42. f(x) = |} = 3 + 2x| = |x(x — D(x — 2)] 44. g(x) = % — 4c0sXx + cos 2x

Relative minima: (0,0), (1, 0), (2, 0) Relative minima: (27rk, 0.29) where k is any integer.

Relative maxima: (1.577, 0.38), (0.423, 0.38) Relative maxima: ((2k — 1), 8.29) where k is any integer.
3 10
2 /\/ 4
_5r 51
-1 2 0 2
46. f(x) = 4 — x* = x34 — x) Y

Domain: (—oo, oo); Range: (— oo, 27)
f/(x) = 12x% — 4x3 = 4x3%(3 — x) = Owhenx = 0, 3.
fx) = 24x — 12x2? = 12x(2 — X) = Owhenx = 0, 2.
f7(3) < 0 2

Therefore, (3, 27) is arelative maximum.
Points of inflection: (0, 0), (2, 16)
Intercepts: (0, 0), (4, 0)

48 £(x) = (¢ — 47 ,
Domain: (—oo, o0); Range: [0, co)
f(x) = 4x(x* — 4) = Owhenx = 0, +2.
f7(x) = 4(3x2 — 4) = Owhenx = 12\3@.

f10) < 0

Therefore, (0, 16) is arelative maximum.

f1(«2) >0
Therefore, (+2, 0) are relative minima.
Points of inflection: (+2./3/3, 64/9)
Intercepts: (—2, 0), (0, 16), (2, 0)
Symmetry with respect to y-axis

50. f(x) = (x — 3)(x + 2)3
Domain: (— oo, oo); Range: [~2555, o0)
f(x) = (x — 3)(3)(x + 22+ (x + 2)3
= (4x — 7)(x + 2)2 = Owhenx = —2,%.
f(x) = (4x — 7)(2)(x + 2) + (x + 2)%4)
= 6(2x — 1)(x + 2) = Owhenx = —2, 3.

) > o

Therefore, (£, —258%) is a relative minimum.
Points of inflection: (—2,0), (3, —%2)

Intercepts: (—2, 0), (0, —24), (3, 0)
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52.

56.

Cf(x) =

f(x) = (x — 2¥3(x + 1)%/3

Graph of Exercise 39 trandlated 2 units to the right (x replaces by x — 2).

(—1, 0) is arelative maximum.
(1, — ¥/4) is arelative minimum.
(2, 0) isapoint of inflection.

Intercepts: (—1,0), (2, 0)

2X
1+ %2

Domain: (—oo, c0); Range: [—1, 1]
21— x(1+x

f(x) = v = 0whenx = +1.
_ — 2
f1(x) = % = Owhenx =0, + 3.
£11) < 0

Therefore, (1, 1) is arelative maximum.
f7(-1) >0
Therefore, (—1, — 1) is arelative minimum.
Points of inflection: (—/3, —/3/2), (0, 0), (v/3, V/3/2)
Intercept: (0, 0)
Symmetric with respect to the origin
Horizontal asymptote: y = 0

X2

f0 =17

Domain: (— oo, o0); Range: [0, %]

f(x) =

(1 + x¥(2x) — x&(4x3) _ 21 =X+ X1+ %)

(1 + x%?2 (1 + x4?

=0whenx =0, +1.

@+ xHA2 - 1034 — (2x = 20)(2)(1 + xH(®)  2(1 — 12x* + 3%
X) = =
1+ x4

e @+ X
(:1) < 0

Therefore, (i 1, %) are relative maxima

f7(0) > 0

Therefore, (0, 0) is a relative minimum.

Points of inflection: (1 \4/ 6%\/373, o.29>, (i {/ Lﬁ, o.4o>

Intercept: (0, 0)
Symmetric to the y-axis
Horizontal asymptote: y = 0

ik Mo
L I I L

= 0whenx = +

|
mle
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-2x+4, x 1
60. f(x) = [x — 1] + [x — 3| =12, 1<x 3
2X — 4, X >3

x+1
X

1
=2 4 ==
58. f(x) = X +X

Domain: (—oo, 0), (0, o0); Range: (— oo, o) Domain: (— oo, o)

3 _ -
f/(x)=2x—£2= Lol 5 1=Owhenx=3i. Range: [2, oo)
X X Y2 Intercept: (0, 4)
3
f”(x):2+%:2(XX7:1):OWhenx:—1. y
4\ 0, 4)
1
f//<7> > 0 3+
1 3. . - o
Therefore, | —, —= | is arelative minimum.
Y2 ¥4 X
Point of inflection: (—1, 0) toros o

Intercept: (—1,0)
Vertical asymptote: x = 0

15

1
(1,0

62. f(x) = %(Zsin X — SN 27X)

. _ |-3./33/3
Domain: [—1, 1]; Range: [ o ,277] .
f/(x) = 2(cos mx — cos 2mx) = —2(2cos wx + 1)(cos mx — 1) = 0 :

Critical Numbers: x = i%, 0

f(x) = 2m(—sin mx + 2€in 27x) = 27 sinax(—1 + 4 cos wx) = Owhenx = 0, +1, +0.420.

By the First Derivative Test: (—; _;\T@) is arelative minimum.

(2 33
3 27
Points of inflection: (—0.420, —0.462), (0.420, 0.462), (+1, 0), (0, 0)
Intercepts: (—1, 0), (0, 0), (1, 0)

Symmetric with respect to the origin

> is arelative maximum.

64. f(x) = X", nisapositive integer.
@ f(x) = nxn—1
The function has a relative minimum at (0, 0) when n is even.
(b) f7(x) = n(n — 1)x—2

The function has a point of inflection at (0, 0) whennisoddandn 3.
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X yz_ 1 w2
66. Ellipse: 144+16 1, y= 3 144 — x y
12 +
A=(2x)<3«/144—x2)=gx 144 — %2 8T (x vaaa—?)
dA 4[ —x ] {]z A
=+ J144 - X
dx  3l/144 — x2 8t
-12+
4 144—2x2]
= | —/———==|=0whenx = /72 = 6/2.
3[ 144 — x2 V2

The dimensions of the rectangle are 2x = 12/2 by y = 2\/144 - T72=4)2

68. We have poaints (0, y), (x, 0), and (4, 5). Thus,

y—-5_ 5_0my= 5x

mM=0-24"2_x X4

5x )2
— 12 = 2+
Letf(x) =L X <x74>

F(x) = 2x + so(x X 4)[’(()(%4;)2’(] =0
_ _100x  _
(x =42

X[(x — 4)% — 100] = Owhenx = Oorx = 4 + ¥/100.

0

2 3
L= /xe+ % - xfxa, JX—2Z+ 25 = 7%" V10073 + 25 ~ 12.7 feet

70. Label triangle with vertices (0, 0), (a, 0), and (b, ¢). The equations of the sides of the triangle arey = (c/b)x and
= [c/(b — @)](x — a). Let (x, 0) be a vertex of the inscribed rectangle. The coordinates of the upper left vertex are
(%, (c/b)x). The y-coordinate of the upper right vertex of the rectangle is (¢/b)x. Solving for the x-coordinate X of the
rectangle’s upper right vertex, you get

X=X a)
(b — a)x = b(x — a)
x=2" 8 pa=a- 220
Finally, the lower right vertex is ©0 (x0 (aia;x/ 0)(a 0
(a _a- bx 0). i
5%

b

Width of rectangle: a — a X — X

Height of rectangle: ﬁx (seefigure)

= (Width)(Height) = <

) - (a _ %g)(%g) = <2><%> = 411ac = %(%ac) = %(Areaof triangle)
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72. You can form aright triangle with vertices (0, y), (0, 0), and (x, 0). Choosing a point (a, b) on the hypotenuse
(assuming the triangle is in the first quadrant), the slope is

y—-b_b-0 _ —hbx
0-a a-—x y a—x

Letf() = L2 =3 +y? = + ( _bx)z.

a—x
f(x) = 2x + 2<a__bxx>[(a_—al:<)2]

2x{(a — x)° + ab?]
(a—x?°
Choosing the nonzero value, we havey = b + 3/a%b.
L= J(a+ %) + (b + Yab)?
= (a2 + 3a%3p?/3 + 3233 + )12

= (a?3 + b?/3)%2 meters

=0whenx=0,a+ ¥ab2

74. Using Exercise 73 asaguidewe havelL; = acscfand L, = bsec 6. ThendL/df = —acsc 6 cot 6 + b sec 6tan § = O when

JRE /a2/3 + b2/3 /a2/3 + b2/3
tan 6 = E/a/b,secf):T, CSCGZT

a2/3 + p2/3)1/2 a2/3 + p2/3)1/2
L=L1+L2=acsc(9+bsec(9=a( ) +b( )

= (a3 + p?/3)3/2,

al/s b1/3
This matches the result of Exercise 72.
76. Tota cost = (Cost per hour)(Number of hours)
V2 110 1lv = 825
T= (% * 750)(7) NE
dT _ 11 825 _ 11v? — 41,250
dv 50 v? 50v?
= Owhenv = /3750 = 25./6 =~ 61.2 mph.
d2T 1650

@z = e > Owhenv= 25./6 so this value yields a minimum.
78. f(x) =x+2x+ 1
From the graph, you can see that f (x) has one real zero.
f(x) =32+ 2
f changes signin[—1, 0].

f (%) _ f)
Px) |7 Tlx,)
1| —05000 | —0.1250 | 2.7500 | —0.0455 | —0.4545
2 | —04545 | —0.0029 | 26197 | —0.0011 | —0.4534
Ontheinterval [—1,0]: x = —0.453.

n X, f(x,) (%)




