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CHAPTER 4
| ntegration

Section 4.1  Antiderivatives and I ndefinite I ntegration
Solutions to Even-Numbered Exercises

d 1 1 d/2(x2+ 3) d(2
X+ =+ =43 - = — = = —|=x3/2 —1/2
2 dx( ™ C) 4x 2 4. dx( 3% + C) dx( 3 + 2x7 Y2 + C)
B X2 -1
= xl/2 _ x B/ZZW
d dy _ o3
6. @ v 8. dx 2x
r=mah+C 2x2 -1

. d _
Check: d()[TrG +Cl=m

E -1 — oy—3
Check: dx[ 2 C] = 2X
Given Rewrite Integrate Smplify
—1
10. f%dx fx*de e Lic
X -1 X
12. | x(x2 + 3) dx (x® + 3x) dx xt + 3()(—2) +C éx“ + §x2 +C
4 2 4 2
1 (., 1 x*1> -1
.= = =)+ — +
14 f(3x2)dx gfx dx 9(_1 c 9 C
2
16. J(S—x)dx=5x—%+c 18. j(4x3+6x2— Ddx = x* + 23 — x + C
d X2 d
Check: —|5x— =+ C|=5—-x Check: —[x*+ 2x3— x + C] = 4x3+ 6x2— 1
dx| 2 dx
X4
20. | (x®—4x + 2)dx:z— 2X2+2x+ C
Check:g[g—ZX2+2x+C] =x3—4x+2
dx| 4
-, 1 1 x3/2 1<x1/2> 2
. + — l/2+,—1/2 =2 4+ 52—+ :,3/2_;’_ l/2+
22 J<\/x 2\&>dx f(x X )dx 32 " 2\172 C B X C
. E g 3/2 1/2 ) — y1/2 1 —-1/2 — i
Check: dx(3x + X2 4 C) = X2 4 ox —/)2+2\/;

450
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Antiderivatives and Indefinite Integration 451

24. f(i‘/?Jr1)d><=f(><3/“+1)dx=§x7/4+x+c

Check: %(;xm + X+ C) =X+ 1=98+1

2 _
28. dex = f(x*2 + 2x73 — 3x4)dx

x*
xt 2x? 3x3
=3t 5 _3*C€
-1 1 1
== -4+ =
X X2 x3+c
Check: E[—l - 12 + % + C] =x2+4+2x3% - 34
dxf x x* X
X2+ 2x—3
x4

2. f (1+ 302 dt = j (2 + 30) dt = %t3 + %4 +c

d(l 3
dt\3 4

Check: —{2t3 + —t* + C) =2+ 3= (1+3pt2

36. J(t2 —sint)dt = %t3 + cost + C

. 213 — 12 _ g

Check: dt(St +cost+C>—t sint

40. fsecy(tany—secy)dy=f(secytmy—seczy)dy
=secy—tany + C

Check: d—dy(secyftany+ C) = secytany — sec?y

= secy(tany — secy)

44. £(x) = /X

26 ldx— x*4dx—ﬁ+c———+c
D -3 33

T _1
Check: dx( st c) =3

30. J(th - 1)32dt = f(4t4 — 42+ 1) dt

45 43
=—t5—-t+t+
5t 3t t+C
di4. 4, )
Dttt C) =4t - A2 +
Check dt(5t 3t t+C|=4t"—- 42+ 1

= (22 — 112

34. det=3t+C
d
Check: —(3t+ C) =3
dt
38. f(02+secze)d9:%93+tan0+c
Check: £<193 +tan 6 + C> = 02+ sec? 6
" do\3
COS X

COS X 1 \/cosx
42 fl— co§xdx_f§n2xdx_ f(sinx)(sinx) dx

= fcscxcotxdx: —cscx + C

Check:g[—cscx+c]=cscxcotx+.i-@
dx sinx sinx
_ _ COosx
1 — cos?x
, 1
48f(X):?
1
f(x)——X+C
y
Lof
= AT x
-4 -2 4
PRI -4
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Y _ oy 1) =2 —
50. = 2x— 1) =2x-2 (32

y=J2(x—1)dx=x2—2x+C

2=(32-2B3)+C C=-1
y=x-2x-1

54. (8

7
c_3
e 1
Y=13 3

56. g(x) = 6x2,9(0) = —1

gx) = f6x2dx =23+ C

g0)=—-1=203+C C=-1
gx) =2x -1
60. f"(x) = x?
f(0) =6
f(0) =3

f(x) = fxzdx: %x3+ C,
f(0)=0+C,=6 C,=6

i) — L3
f(x)—Sx + 6

f(0 = f(%x“r 6>dx=1—12x4+ 6x + C,

f0=0+0+C,=3 C,=3

1 4
=—=x*+ 6x +
f(x) % 6x + 3

58. f(s) = 6s— 8s3 f(2) =3
f(s) = f(es — 8s%)ds= 3s2— 2s*+ C
f2)=3=3022-22*+C=12-32+C

f(s) = 3s2— 2s*+ 23

62. f"(x) = sinx
f(0) =1
f(0) =6
f(x) = fsinxdxz —cosx + C,;
f(0)=-1+C, =1 C, =2
f(x) = —cosx + 2
f(x) = f(—cosx +2)dx = —sinx + 2x + C,
f0)=0+0+C,=6 C,=6
f(x) = —sinx+ 2x+ 6

23
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64.%—?=kﬁ,0 t 10

P(t) = fktl/z dt = %kt3/2 +C
PO=0+C=500 C=500
2

P(1) = §k + 500 = 600 k = 150

P(t) = %(150)t3/ 2 4 500 = 10032 + 500

P(7) = 100(7)%2 4 500 =~ 2352 bacteria

68. f(t) = a(t) = —32 ft/sec?
f10) = v,
f(0) =
(1) = v(t) = f—32dt =-32+C,
f(0)=0+C, =y, C, =V,
() = —32t + v,

(1) = st = f(—szt vyt = —16€ + vt + C,

fO0=0+0+C,=5 C,=95
f(t) = —16t2 + vt + 5

72. From Exercise 71, f(t) = —4.9t2 + 1600. (Using the
canyon floor as position 0.)

f(t) = 0 = —4.9t2 + 1600

4.9t2 = 1600
2 = % t~ /32653 ~ 18.1 sec

66. Since f”is negative on (— oo, 0), f” is decreasing on
(=00, 0). Since f”is positive on (0, oo), f” isincreasing
on (0, co). f” has arelative minimum at (0, 0). Sincef’ is
positive on (— oo, oo), fisincreasing on (— oo, oo).

70. v, = 16ft/sec

S = 64ft
(a) s(t) = —16t2 + 16t + 64 = 0
-6t -t—4) =0
1+ \/ﬁ
t="—"—"7""S"
2
Choosing the positive value,
t= %ﬁ ~ 2.562 seconds.
(b) v(t) = s(t) = —32t + 16
V(l +2/ﬁ> _ _32<1 +2\/§> 16

—16/17 ~ —65.970 ft/sec

74. From Exercise 71, f(t) = —4.9t2 + vt + 2. If
f(t) = 200 = —4.9t2 + vt + 2,
then
v(t) = —98t +v,=0

for thist value. Hence, t = v,,/9.8 and we solve

Vy \2 \/
—4.9(—0) + v0<—°> + 2 =200

9.8 9.8
_ 49 VOZ VOZ
4+ 9 —
©8? '"og 8

—4.9v,2 + 9.8v,2 = (9.8)2198
49v2 = (9.8)2198
V2 = 3880.8  v,=~ 62.3m/sec.
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76, fvdv=—GMJ%dy 78. X(t) = (t — 1)(t — 3? 0t 5
— 3 _ 2+ _
1, oM t3— 72+ 15t — 9
V= *¢ (@ w(t) = x'(t) = 32 — 14t + 15 = (3t — 5)(t — 3)
Wheny = R v = v, alt) = vi(t) = 6t — 14
5
%\,Oz:%Jrc (b) v(t) > Owhen0 <t < Sand3 <t <5.
CZ%VOZ_% (c) alt) =6t — 14 = Owhent=%.
1, GM 1 M Z>=<<Z)_><Z_>:(_E):_ﬂ
EVZ:T+§V°2_? V<3 33 5 3 3 2 3 3
2 = 26M VOZ_ZGJ

80. (a) a(t) = cost

v(t) = fa(t) dt = fcostdt =snt + C, = sint (sincev, = 0)

f(t) = fv(t) dt = Jsintdt = —cost + C,

f(0)=3=-cos0) + C,=—-1+C, C,=4
f(t) = —cost + 4
(b) v(t) = 0=sintfort=km k=0,1,2,. ..

82. v(0) = 45 mph = 66 ft/sec (d) —16.5t + 66 = 44
30 mph = 44 ft/sec { = % ~ 1333
15 mph = 22 ft/sec )
22
t) = — £2 ) =~ 73.
at) a S<16.5) 73.33 ft
t) = —at + 66
vy = —a (b) — 165t + 66 = 22
a
t) = —-t2 + 66t (Let =0.
s(t) 5 (Lets(0) =0) =M e
16.5
v(t) = 0 after car moves 132 ft. a4
S(*) ~ 117.33 ft
—at+66=0whent=6£. 16.5
© & & &
N D N
o{5)--3l%) (2 §F 58
a a a Q/ ~¢// é/
& nf S&
33 N Q
= 132whena = — = 16.5. 0 |

‘ 132

7333 117.33
feet feet

2
at) = —165
V() = — 165t + 66 It takes 1.333 seconds to reduce the speed from 45 mph to
’ 30 mph, 1.333 seconds to reduce the speed from 30 mph
s(t) = —8.25t2 + 66t to 15 mph, and 1.333 seconds to reduce the speed from
15 mph to 0 mph. Each time, less distance is needed to
reach the next speed reduction.
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30

30
84. No, car 2 will be ahead of car 1. If v,(t) and v,(t) are the respective velocities, then f |v,()] dt > f |V, ()] dt.
0 0

4 3 2
86. (@) v = 0.6139t% — 5.525t% + 0.0492t + 65.9881 (b) s(t) = f v(t)dt = 0'61439t - 5'5§5t + 0'0293 + 65.9881t
(Note: Assume s(0) = Qisinitia position)
s(6) =~ 196.1 feet
88. Let the aircrafts be located 10 and 17 miles away from the airport, as indicated in the figure.
Va(t) = kot — 150 Vg = kgt — 250 Airport <A =B
1 1 0 10 17
sy(t) = EkA t2 — 150t + 10 S5 = EkB t> — 250t + 17
(8 Whenaircraft A lands at time t, you have
VAt) = Kty — 150 = ~100 Ky =
A
1
Sa(ty) = EkA tZ — 150t, + 10=10
150\, _ -
2( 0, )tA 150t, = —10
125t, = 10
L 10
AT 125
k=2 = 50(@> —625 S0 = S0 = %212 150t + 10
ta 10 2
Similarly, when aircraft B lands at time tg you have
Vp(tg) = kgtg — 250 = —115 ks = lt—%
B
1 2
sg(tg) = EkB t3 — 250ty + 17 =10
1(135)
| =g — 250t; = —17
2 tB B B
%5, 17
L3
B 365
135 365 49,275 49,275 ,
= — = —_— = = = — +
Ks t 135( 34> 21 S(t) = S)(t) 68 t2 — 250t + 17
(b) = (©) d = s(t) — sA\(1) 20
Yes, d < 3fort > 0.0505.
8 d
/ 3
Sa /
0 0.1 0 0.1
0 0

90. True 92. True
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94. Fase. f has an infinite number of antiderivatives, each
differing by a constant.

96. %[[s:(x)]2 + [c(x)]z] = 25(x)s"(x) + 2c(x)c’(x)
= 2s(x)c(x) — 2c(x)s(x)
=0
Thus, [s(X)]? + [c(x)]? = k for some constant k. Since,
s(0) =0andc(0) =1,k = 1.
Therefore,
[sX) + [ = 1.
[Note that s(x) = sinx and c(x) = cos x satisfy these
properties.]

Section 4.2 Area

(2]

S 1 1 1 1 47
2, kzak(k —2)=3(1) + 4(2) + 5(3) + 6(4) = 50 4. ,—ZJ =3+3tE =8
6. i[(i - 12+ (+1°%=0+8+(1+27)+(4+64) + (9+ 125 = 238
i=1
15 5 4 _ l 2 g n _ &7 2 énfl\/ _ i 2
0§12 0 31 (})] 2291-(2-0)]  wlS /1-())
15 15 10 10 10
16. Y (2 - 3) =2 — 3(15) 18. Y (2-1=>Yi2- 31
i=1 =1 i=1 =1 =1
__[15(16) B ~ [10(11)(21) 3
—2[7]745—195 —[ 6 }—10—375
10 10 10
20. Ni@2+ 1) = Yir+ i 22. sumseq(x (A1) 3 — 2%, x, 1, 15, 1) = 14,160 (TI-82)
i=1 i=1 i=1
i (15215 + 1)2  _15(15 + 1)
~10%(11)2 |, [10(11)] _ (i3 — 2i) = -2
== +[ 5 ]—3080 21 4 2
= %‘516)2 — 15(16) = 14,160
24. S=[5+5+4+2](1) =16 26.S=[5+2+1+§+ﬂ=565

s=[4+4+2+0]1) =10

2 1 1 9
S—[2+l+§+§+§]—§—4.5
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o s3]+ /- (18] V- (18) - V- (18) - V- (18

1_
5[1+f+J21 J16 | /9

5 5 + 5 +?]20859

0= J1- Q13 V- @18 - V- (1) - - (1) oo

g)n(n+l)(2n+l)]_g. [ 2n® + 32+ n 64
n3 B

6 6n|”£]o n® ] 7(2) 3

. in(n+1)]_;. [n +n] 1

34. n“n;]o n2> 2 _ZJITO n? (1)
L4 +3 1o 1{4n(n +1 2n+5

3. >0 =?2(41+3)=?[%+3n]= 2 = sn)
j=1 j=1

25
S10) = 0 25

S(100) = 2.05
$(1000) = 2.005
$(10,000) = 2.0005

4i%(i — 1) s_j2 [nz(n +1)2 n(nh+1)@n+ 1)]

3. 21 ST E(' )= 4 6
:i[n3+2n2+n_2n2+3n+1]

n3 4 6

= %[%3 + 6n? + 3n — 4n? — 6n — 2]

= #[%3 +2n2—3n - 2] = 9n)
S(10) = 1.056
S(100) = 1.006566
S(1000) = 1.00066567
§(10,000) = 1.000066657

40. lim 2(%)@) = I| En: n (n(n2+ 1)) = J'Q:(l + %) =2

n =1

a2 tim $(1+2)(2)

I|m —E(n + 2i)2

I|m [Zn: 2+4n2|+4|2l ]

“m nZ[ns + (4n )(n(n; 1)) N 4(n)(n + é)(Zn + 1)]

. 2 4 2 2
2JIH;[1+2+ +3+ +3n2]

4 26
=21+2+z)="*%
2(1 2 3) 3



458  Chapter 4 Integration

44. lim i(l + gi>3(g) = 2lim iEn:(n + 2i)3
"n oS n/\n n oo NY&

—_ i l . 3 27 i2 13
= 2n||r110n4;1(n + 6n3 + 12ni2 + 8i3)

= 2n|mo]o 14[,14 + 6nZ(M) n 12n<n(n + 1)(2n + 1)> . 8<n2(n + 1)2>]

I'T 2 6 4
=2 lim (1+3+§+4+§+3+2+i‘+£)
n oo n n n2 n n2

=2 lim <10+§+i2)=20
n oo n n

_3-1_2
46. (@) v (b) Ax==—=="

/ Endpoints:

ol

2} / 1<1+2<1+%< <1423
n n n

A

) xof]ecnenal) oo

n
(c) Sincey = xisincreasing, f(m) = f(x,_;) on[X_4, X].

s(n) = _:ilfoq,l) Ax

SOUERYE 1(2)|(2) - MERYS (3|2

(d) (M) = f(x)on[x_y, %]

- grosc- S G- 3l 13

(e | X 5 10 50 100
sin | 3.6 | 3.8 | 396 | 3.98
Sn) | 44 42 | 404 | 4.02

o gm0 o2 G- 30052
= Jim |2+ 2522 i [ 4 2] < 4
im 31+ 1()[3) = pm 2o+ (2

a2

= lim [4+§]:4
n oo n
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48. y=3x—4o0n[25] (NoteAx:ﬂ=%> y
124
n 3i\/3 10
3“)—Zlf(2+ﬁ<ﬁ) ol
6-L
n 1 2n
= 2[3(2 + g) - 4]<§> =18+ 3<§> Yi—12 “
=1 n n = 2
g(n+1)n)_ g( ;) A 'S I R aa
—6+n2< > =6+ {1+
. 27 39
Area—nllr?cs(n)—GJr?—?
50. y =x?+ 1on[0, 3]. (Note: AX = Lno = %) y
n 3
s = ()0 = 21+ 20)
3
:n32|2 ,Z
_27nn+@2n+1) 3 . 92 +3n+1 *
o 6 +n(n)—2 n? +3

Area= lim 9n) = 2(2) +3=12
n oo

52.y=1-x2on[—1,1]. Find areaof region over the interval [0, 1]. (Note: Ax = %) y
2 ol
o)1 n i 1
s = ()0 = 2~ (15
S PSP T E TR P Y
o “321'_1 6n® R G~ 2//\\2 x
1 : 1 2 RE
EArea— nIlrro1cs(n) = 1—5_§
4
Area = 3
54, y=2x —x3on|0, 1]. (Note: AX = % - %) y

20+

Sincey both increases and decreases on [0, 1], T(n) is neither an upper nor lower sum.
151

= (02 $[40) - (2 1

24, 1n__n(n+1) 1[n(n + 1)2 Y e
n ?izll N ﬁizlls_ 2 _ﬁ[ 4 o5 10 \ 20
411 2 1
n 4 4n 4
: 1 3
Area—nlerOT(n)—1—2_21
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n n

S ) - 1

(o8 A ) s 5, Ao Ly
_E[<2 P n3>(n)_2 n2-2|+n3i 1| n4;1|

56. y=x2—x3on[—1,0] (Note: Ax = -1 _ 1) y

R R S = R =y
. 5 4 1 7
Area—nllrro1cs(n)—2—§+§—z1 I
2 2 1 1
58. g(y)ziy,Z y 4.(N0te:Ay:7:ﬁ> 60. f(y) =4y —y21 vy 2.<Note:Ay:7:ﬁ)
2i\(2 i\/1
s - o2+ 3)(3) w0 - 3 (1+7)(0)
no1 2i\(2\ 2 i 1 i i\
DR RS (R o3 ) (0
_2 EM]_ n+1 _1”< 4 ,&,f)
7n[n+n 2 ety _n,214+n I-n
= i = = n P2
Area= lim Sn) =2+1=3 =12<3+g_%>
n< n n
y
. _1[3n+gn(n+1)7in(n+1)(2n+1)]
n n 2 n? 6
P
3 _3+n+1_(n+1)(2n+1)
2l n 6
g ‘ Area = IimS(n)=3+171=E
s 5 4 5 n oo 3
y
sl
ad
P
P
T T S R
1
62. hy) =y*+ 1,1 vy 2<Note:Ay=ﬁ>
- (-
= n/An 1
n i3 1 5+
- |Z1[(1 " ﬁ) " l:|7 M

! 1rn+12%, 3nn+1@n+1)  3n0h+ 1)]
h [Zn s 4 i 6 a2

(n+12 1h+1@n+1) 3n+1
2+ n24 * 2 n? * 2n
1 3 19

Area:nllrrgos(n):2+z+1+§:Z
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64. f(X) =2+ 4x,0 x 4n=4 66. f(x) = sinx, 0  x %n:4
Lot = 552 Letc = 5K
2
Ax:l,cl:%,czzg,%:g,c‘l:f Ax:g,clzl%,czzi—g,%:%,q:%

Area = i f(c) Ax = i [c? + 4c]()

Area ~ i:ilf(ci) Ax = i:i(sin Ci)(%)

1 9 25 49
=[<7+2)+(7+6)+<—+10)+(—+14)] _E<-1 . 3w . bmw -ﬁ)~
4 4 4 4 —85m16+sm16+sm16+sm16 ~ 1.006
=53
68. 1(x) = o on[2, 6]
' B e
n 4 8 12 16 20
Approximate area | 2.3397 | 2.3755 | 2.3824 | 2.3848 | 2.3860
70. f(x) = cosv/x on [0, 2].
n 4 8 12 16 20
Approximate area | 1.1041 | 1.1053 | 1.1055 | 1.1056 | 1.1056
72. See the Definition of Area. Page 259.
74 f(x) =¥/%x0 x 8
n 10 20 50 100 200
s(n) 10.998 11.519 11.816 11.910 11.956
S(n) 12.598 | 12.319 | 12.136 | 12.070 | 12.036
M(n) 12.040 12.016 12.005 12.002 12.001

(Note: exact answer is12.)

76. y

a A = 3 sguare units

78. True. (Theorem 4.3)
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27
80. (8) 0= "

(b) sin0=?
h=rsno

= fbh = fr(r sing) = frzsln 0

T 2n . T .

Letx = 2@/n.Asn oo,x 0.

. . sinx
= 2 = 2, = 2
n“n:lA" >|<Imo ar ( " ) A1) = =r

82. (a) -Zn:lzi =n(n+1) (b) 2,3 n (n + 1)?

[ =12= +1) =
Theformulaistrueforn=1:2=11+1) =2 The formulaLis true for n = 1 becaLise

Assume that the formulais true for n = k: 15— 1P(1+12 4 _ 1
K 4 4
i = + 1). )
212' ke + 1) Assume that the formulaistrue for n = k:
k+1 . k . k . kZ(k + 1)2
Thenwehave » 2i = Y2i + 2(k + 1 8= ———
22= 22 2kt 20"
= =+ =+ + k+1
K+ 2) + 2k + 1) Then we have 2 i3 = 2|3 + (k + 1)3
=(k+Dk+2 =1
; ; _ Kk + 1)2
Which shows that the formulaistruefor n = k + 1. == + (k+ 1)8
+ 2
= &4 Ve 4 4+ 1)
= b s

which shows that the formulaistrueforn = k + 1.

Section 4.3 Riemann Sums and Definite Integrals

i3
2. f(x):§'/>7<,y:O,x:O,x:1,(;,:L

n3
i° (-1°_32-3i+1
M=~ n3
, .
lim 3 () Ax = lim E s —[73?,'”]
n © =7 n 0 (= n

n
lim %_E(Sﬁ —3i2+1i)
el i=1

o A (rAn + 1)2> <n(n + 1)(2n + 1)) n(n + 1)]
=Jim n4_3< 4 3 6 T
_”mi3n4+6n3+3n272n3+3n2+n n2+n]

T nen? 4 2 2
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4. y=xon[-2,3]. (Note:Ax=3_T(_2)=§,||A|| Oasn oo)

- L 5i\(5 n 51\/5 25
f(c) Ax = f<—2+—)<>: <—2+—><7>=—10+— i
El 2% 21 n/\n 21 n/\n n? &
- B\ +1 _ é( 1>_§ 2
= 10+<n2) > = 10+21+n _2+2n
3xdx=|im(§+§)=5
_y new\2 2n) 2

6. y = 3x?on[1, 3]. <Note: AX = Lnl = % |

Al Oasn oo)

iZn:lf(ci)Axi = En: f<1 + %)(%)

_[ 4nn+1)  4nn+1@2n+1)
B n2 6 ]

:6+12n:1+4(n+1)(2n+1)

n2
3
fgxdez i [6+ 1200+ 1) 4in + Dizn + 1)]
1 n o n n
=6+12+8=26
8. y=3x2+20n[—1,2].(Note; AXZZ_T(_HZ%MH Oasn Oo)

e $i(-10 30

_ S[Sn _18n(n + 1) N 27n(n + 1)(2n + 1) N Zn]

n 2 n? 6
:15727(n+1)+g(n+1)(2n+1)
2 n2
* (3 + 2dx = lim [15 _n D 20t Den+ 1)]
1 n oo n 2 n?

=15-27+27=15

4 3
. n . (3 3
(4 — c)2AX = — x)2 Slav = | 2
10. lim i2160,(4 )2 Ax; L 6x(4 — x)? dx 12 lim 21(0.2> AX, L 2 dx
on the interval [0, 4]. on theinterval [1, 3].

2 2 1y /4
14. f(4 - 2x) dx 16. j X% dx 18. f > dx 20. f tan x dx
0 0 X+ 1 0
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2
22, f (y — 2)2dy 24. Rectangle 26. Triangle
0
A = bh = 2(4)(a) A= %bh - %(4)(2)
a
A= f 4dx = 8a 4y
-a A= f —dx =4
02
y
y
51
3+
E 3 E T Triangle |
: 29 : Rectangle 1+ :
b : S T
: : 1 2 3 4
A 4 X L
28. Triangle 30. Triangle 32. Semicircle
L1 _1 o
A= Jbh = 28)(®) = 32 A=gh=52a A=
a r
1
8 = — — a2 — 2 _ y2 — = r2
A= o noc- A= [ @ pac-a a= [ e Lo
0] y y
r Semicircle

5

| AL AN
71N

IN
|
t

N
h
t

—> X
2 4 6 N1

4 4 4
x3dx=60,fxdx=6,jdx=2.

In Exercises 34—40,f
2 2

2

2 4 4
34. j x3dx =0 36. j 15dx = 15f dx = 15(2) = 30
2

2 2

4 4 4 4 4 4 4
38. f(x3+4)dx:Jx3dx+4fdx:60+4(2):68 40. f(6+2x—x3)dx=6f dx+2fxdx—Jx3dx
2 2 2

2 2 2 2
=6(2) + 2(6) — 60 = —36

42. (a) fef(x)dx=fsf(x)dx+f6f(x)dx=4+(71)=3 44. (a) Jof(x)dx:Jlf(x)dx—flf(x)dx:O—5:
0 0 -1 -1 0

3

(b) jsf(x) dx = —fo(x) dx=—-(-1) =1 (b) jlf(x) dx — fof(x) dx=5—- (-5 =10
6 3 0 1

(©) Ff(x)dx=0 (© J13f(x)dx=3flf(x)dx=3(0)=0
3 -1 1

(d) f6—5f(x) dx = —5f6f(x) dx=—5(—-1) =5 (d) fle(x) dx = Sff(X) dx = 3(5) = 15
3 0 0

3
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46.

52.

f(x) = |x|/xand thex-axisfor —1  x 1. You seethat
the integral equals 0.
y
Nl
e—
BRI I
—
2+
56.
of
8,,
7,,
6,,
5,,
47/
3,,
24
B T Y A A
123456789 X
c. Area= 27.
3
60. j X Sin X dx
0
n 4 8 12 16 20
L(n) | 2.8186 | 2.9985 | 3.0434 3.0631 | 3.0740
M(n) | 3.1784 3.1277 3.1185 3.1152 | 3.1138
R(n) 3.1361 3.1573 3.1493 3.1425 | 3.1375
62. Fase 64. True

5 5

f(x)dx+f

0

@ Ls[f(x) + 2] dx = f

0

© jsf(x) dx = Zf)f(x) dx=2(4 =8 (feven)

. The right endpoint approximation will be less than the

actual area: <

f(x) = |x|/xisintegrable on [—1, 1], but is not contin-
uous on[—1, 1]. Thereis discontinuity at x = 0. To see
that

"

— dx
1 X

isintegrable, sketch a graph of the region bounded by

3
2dx =4 + 10 = 14 (b)ff(X+2)dX=ff(X)dx:4
-2

5
(Letu=x+ 2)
0

5
(d)ff(x)dx:o (f odd)

50. The average of Exercise 39 and Exercise 40 consists of a

trapezoidal approximation, and is greater than the exact
area >

b. A = 3 square units

3
58.J2de
oX+1

[oce ol [ i)

n 4 8 12 16 20

L(n) | 7.9224 | 7.0855 | 6.8062 | 6.6662 | 6.5822

M(n) | 6.2485 | 6.2470 | 7.2460 | 6.2457 | 6.2455

R(n) | 45474 | 53980 | 5.6812 | 5.8225 | 5.9072
66. Fase

4
f xdx =6
-2
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68. f(x) = sinx, [0, 27|

X =0,% = 4,x2=7—37,x3=77,x4=277

T 2

o
AXl Z, AX2:E, AX3:?, AX4: T
m _w 2w 3w
@ R 3BT 34Ty

i:ilf(ci) Ax = f(%) Ax, + f(g) Ax, + f(z—;) Axg + f(?’—zﬂ) A,
() () (2)5) + e oo

70. To find JZ[X] dx, use a geometric approach.

L.

b - -
o - =
w

Thus,

jzﬂxﬂ dx=12-1) =1
0

Section 4.4  The Fundamental Theorem of Calculus

2. f(X) = cosx 2 4. f(X) = X2 — x
T 2
f cosxdx =0 0 = j X2 — xdxisnegative. -2
0 -2

7

6. J 73 dv = [3\/]2 =3(7) - 302 =15

2

5 5
8. f(—3v+4)dv:[—§v2+4v] =(—E+20>—(—6+8):—§
) 2 2 2 2

3 5x2 3 45 5
10. f(3x2+5x74)dx=[x3+if4x] :<27+—712>7(1+774>
) 2 ) 2 2

1

1 9, 1 9 1 9

3 _ || (2 _2)_(2_2

12. ﬁl(l ot) dt |:4t 2t ]—1 <4 2> <4 5

o o o542
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m.rw&w [wﬂsziG—@ﬂ—G—®ﬁ=o
18. f\/dx— ffx 1/2dx— f(z)xl/Z] [2/5(]?28—2\@

20. f 2(2 —t)Jtdt = f 2(2t1/2 —13/2) dt = [gti“/z - gtS/Z]Z = [t‘/(zo - 6t)]2 = i(20 —-12) = 162

5 15
1
22. f f (x2/3 — x5/3) dx
-8 2\[
_ Y345 3 8/3]’1 _ [ﬂ"’ _ ]’1 __1 32 4569
= 2[5x g |0 (24 — 15x) o (39) + (144) 80

24, f4(3 —Ix—31)dx = f3[3 + (x — 3)]dx + f4[3 — (x — 3)]dx

= flsxdx + f:(G — x) dx

-[2f ooz

R
9_ 13

=4+ — 4+ 2 ==
4+ 16 — 18 5 >

4 1 3 4 . .
26. J |X2 — 4x + 3| dx = f (X2 — 4x + 3) dx — f (X2 —4x + 3) dx + f (X2 — 4x + 3) dx (split up the integral at the zeros
0 0 1 3

x=13)
_[X¥ e Z[Xj_ 2 ]3 [Xj_ 2 ]“
—[3 2x+3x]0 3 2x+3x1+ 3 2x+3x3
=(%—2+3>—(9—18+9)+(%—2+3>+<6—;—32+12>—(9—18+9)
4 4 4
=3 0+z+t3-0=4
7/[4y A2 /4 /4
1-sn°6 ™
/2 T T T— 2
30.J (2—csc2x)dx—[2x+cotx] =(r+0) — ( +1>=——1=
/4 2 2 2
/2 2 2
32.f (2t + cost) dt = [t2+smt] =<7T—+1>—<7T——1>:2
—/2 —m/2 4 4
2 2
34. P= S|n0d0 —cose :——(0—1) —~637%
T T
1 2
l 1 172 1 1
— x4 = = = | 2agx=|-=| = == ==
36. A j_(l x4 dx = [X 5] 38. A flxzdx |:X:|1 2—i—l >

N
3

N
+
A

40. A = ﬂ(x+sinx)dx—[X—chosx]ﬂ—w—Jrz—
) 12 o 2 )
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42. Sincey 0onJO0.8],

8 3 . 3
Area = f (1 + x¥3)dx = [x + fx4/3] =8+ (16) = 20
o 4 4

3
- 9 | 9P_ 1,9_
44. Sincey 0on][0, 3], 46. Lgdx = [ sz]l =3 + 5= 4
3
3 X329
= — ) dx= -2 =2 —1) =
A L(Bx x2) dx [ZX 3]0 > foB3-1) =4
9
5=2
9
=3
9
= 3/ — =
c \/2 1.6510
/3 /3 o 3 2 3 3
48. cosx dx = [sin x] =3 50. — = 4()(7:1)dx =2 (1+x?)dx = Z[X - 1]
—/3 —m/3 3—-1 1 X 1 X1
m (|~ 5 1)_16
o) -(-3)| = v3 a3 -3
cosc = 3.3
2
~ +0.5971
/2 /2
52. ﬁf cosxdx = [Esinx} _2 P
(m/2) 0 ™ 0 ™ (0s881,2)
Average value =7% 0 \ 271
2 -0.5
CoSX = —
w
x = 0.881
7
7 ff(x) dx 8 4
54. (& | f(x) dx = Sum of the areas (b) Averagevalue = "-——— =~ ==
. 7-1 6 3
=A +A+A+A, © A=8+ (6)(2) = 20
= %(3 +1) + %(1 +2) + %(2 +1) + (3)(1) Average value = % = %

= y

S
w 00 o N

N
!
t
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2 2

—2f(x) dx = —Zf f(x) dx = —2(—1.5) = 3.0
0

56. f 6f (x) dx = (areaor region B) = J 6f (x) dx — f 2f (x) dx 58. f

2 0 0 0
=35-(-15 =50

1t 1 1 (R _g[ _f]R_szz
60. Averagevalue—ELf(x)dx—6(3.5)—0.5833 ESZ.R_OOk(R2 r)dr—RRZr 3l =3

64. P = 5(/t + 30)

@[T 4 2 3 4 5 6
P | 155 | 157.071 | 158.660 | 160 | 161.180 | 162.247

954.158
6

Average profit = %(155 + 157.071 + 158.660 + 160 + 161.180 + 162.247) = ~ 159.026

6.5 6.5
(b) 1 5(/t + 30) dt = 1[5(33/2 + SOt)] ~ 954081 _ 1590
6Jos 6L \3 5.0 6

(c) The definite integral yields a better approximation.

4 5 4 3 214
66. (8) R = 2.33t* — 14.673 + 36712 + 70.67t © | R dt = [2'3& _ laemt | 3677 7067 ]
o 5 4 3 2 o

(b) 100

— 181.957
-1 / 5
-20
68. (a) histogram N

18

14+
12+
10+
8
6
4+

(b) [6+7+9+12+ 15+ 14 + 11 + 7 + 2]60 = (83)60 = 4980 customers
(c) Using agraphing utility, you obtain

N(t) = —0.084175t% + 0.63492t?> + 0.79052 + 4.10317.
(d) 16

-2

9
© f N(t) dt ~ 85.162
0

The estimated number of customersis (85.162)(60) =~ 5110.

7

(f) Between 3 pm. and 7 PMm., the number of customers is approximately < f
3

N(t) dt>(60) ~ (50.28)(60) ~ 3017.

Hence, 3017/240 = 12.6 per minute.
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70. F(x) = f(t3+Z—2)dt [4+t2—2t]x

(% )—(4+4—4)

_x
4

+x2—-2x—4

FQ) —4+4-4—4-0 hmewa:f%&+a—am:o]

F(5)*%+25—10 4 = 167.25

F(8) = Z+64—16—4—1068

72. F(x) = ETSZdt: —LXZ*3dt:t%}Z :%—%
FQ) =5-7-0
F(5):?15—% —% -0.21

X X
74. F(x):fsinedez —cosf)] = —cosX + cos0 = 1 — cosx
0 0

F(2) = 1 — cos2 ~ 1.4161
F(5) = 1 — cos5 = 0.7163
F(8) = 1 — cos8 =~ 1.1455

76. () t2 +1)dt= (t3 +t)dt = [ 4+ 1t2] lx“ + 1x2 = X—z(xz + 2)
2 4 2 4
(b) [ x4 + 1x2] =x+x=x(x%+1)
dx 2
2 16 2 X X
78. (9 \/dt t3/2] =5x3/2 — = = Z(x3/2 - 8) 80. (a) secttantdt=[sect] =secXx — 2
4 3 3 3 /3 /
ﬂgs/z,g]_ 1/2 — E _ _
() dx[sX 3|77 VX (b) dx[secx 2] = secxtanx
X 2 X X
&szf; ot mpm=f%m %szfwﬁm
e+ 1 1 o
x2 F(x) = ¥/x F/(X) = sec3 X

F(x) =

X2+ 1
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X t4x
88. F(x) :f t3dt = [Z] =0

F(x)=0 F(x)

F/(x)

><2 t,z x2
om0 - e =[]
2 —2]2

Alternate solution: F/(x) = (x3)~3(2x) = 2x5

X2

92. F(x) :f sin 92d6

F(9 = sin ()2 (20) = 2xsinx*

Ny
2t2 ], x4 8

Alternate solution

[e
0 X

=J t3dt+jt3dt
—X 0

—j t3dt+Jt3dt
0 0

— —(X-D + (&) = 0

94'(a)x 1123 4 5 6 | 7

gx | 1] 2] 0] -2

F/(x) = 25
89|10 ®) y
0/3| 6

(¢) Minimum of g at (6, —6).

(d) Minimum at (10, 6). Relative maximum at (2, 2).

(e) On[6, 10] g increases at arate of % =3

(f) Zerosof g: x = 3,x = 8.

%. (a) gt) =4 - 13
tlirpc git) =4

Horizontal asymptote: y = 4

98. True

(b) AX) = f X(4 - g) dt

1
X
=[4t+ﬂ] :4x+ﬂ—8
th X

e —8x+4 Ax—1)
X X

lim A(X) = lim (4X+ﬂ—8>:oo+0—8:oo
X oo X oo X

The graph of A(x) does not have a horizontal asymptote.

100. Let F(t) be an antiderivative of f(t). Then,
v(X) V()

f F(0) ot = [F(t)]
u(x) u(x)

v(x)
;Ufmﬂ—émw»¢wm

u(x)
= F/(v(X))v'(x) — F(u(x))u’(x)
= f(V(X))V'(x) — f(u)u’(x).

= F(v(¥) — F(u(x)
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102. G(x) = fx[sff (t) dt] ds

@ G(0) = J O[s f I dt] ds=0 (b) LetF(s) = s f T
0 0 0]
(©) G"x) = x-f(x) + J Xf (t) dt G(x) = JXF(S) ds
(d) G’0) = 0-f(0) + f O d =0 GX) = F(X) = x f (o) dt
0 0

G'(0) :Ofof(t)dtzo

0

104, x(t) = (t — 1)(t — 32 =3 — 7t + 15t — 9
X(t) = 32 — 14t + 15

Using a graphing utility,

5
Total distance = f |x/(t)|dt = 27.37 units
0

Section 4.5 Integration by Substitution

f f(9(x))g'(x) dx u = g(x) du = g'(x) dx
2. jxﬁ/ﬁ dx X3+ 1 3x2 dx
4, jsechtaandx 2X 2 dx
6. f;cr):);dx sinx cos x dx
8. f @ — 972 dx = & 2 9, c

Check: %[("2%49)4 + c] = M(ZX) = (¢ = 9%

3
10, J (L - 20V3(~4 dk = (1 = 20 + C

S d[3, 2\4/3 ]_§ﬂ _ oy2)1/3(_ — (1 — 9y2)1/3(_
Check: d)([4(1 2243 + C| = a 3(1 2x3)1/3(—4x) = (1 — 2x3)V/3(—4x)
1 1(x®+ 5)5° (X8 + 5)5
2(+/3 ady — = | (w3 402 A T AL
12. fx(x + 5)*dx 3j(x + 5)4(3x?) dx 3 5 15 + C
d[(&+ 53 ] _ 503 + 5430 _ ., 4on
Check: 7dx[715 +C|= 1 - (x® + 5)*
1 1[ (4x2 + 3)4] (4x2 + 3)
2 3y — = 2 3 e _
14. jx(4x + 33 dx 8J(4x + 3)3(8x) dx 8[ " 5 *C
d[(4x2+ 3 ] A4 + 3)3(8x) 5 3
Check: 7dx[732 +C|= — - X(4x2 + 3)



Section 4.5 Integration by Substitution

473

4 3/2
(t*+5) "

1 1
3 /14 — = | (t+4 1/2( A3 — =
16. Jt Jt+ 54t 4J(t + 5)7/2(4t3) dt 4 32

C= %(t4 +5)%¥2+C

-214 3/2 ]:1 §4 1/2(43) = (t4 1/2(13
Check: dt[s(t vopzicl=1 3t s = @ + 5
3 3/2 3 3/2
18, fu@\/uhr2du=lj(u3+2)1/2(3u2)o|u—1(u Sak Ay C i KAe
3 3 3/2 9
EM ]_g.gs 1/2(2) — (113 1/2(y12
Check: du[ LA el =2 s oaae) = 2 + 2208)
-1
2 3 - _= 1
20. f(1+x4)2 f(1+x4) (4x3) dx (1+x4) +C= 4(1+X4)+C
Check: d[ﬁ_l +C} (1+X4)*2(4x3)— x3
41 + XY T 1+ x4
(16—x3)*1] 1
_ v3)—2 2 — =2 A R
22, J(16—x3)2 f(le x3)72(—3x%?) dx [ 1 +C 3(16—x3)+C
d # —1_ — 32 2 _x72
Check: dx[s(ls )+c]_3( 116~ X)) = 75
X 1 - 1(1 + x4v2 JI+ X
24 | ———dx==|Q+x) V(S dx=""—""—+C=S"—"" 14
fmdx 4J'( )THASC) o 4 1/2 ¢ 2 ¢
cdlvitx 1.1 Cyady = X
Check: dx{ +c} LR (4x)_m

1 X 1/x1 x3 1 -1
= 2 X2 = — — = — — — =
ZG.J[ (3)]dx f(x +9x )dx 3+9(_1)+C 3 9X+C o +C

d 1 3 1 —1 :| 2 l —2 2 1
23— x4+ =x2+ X 2=x2+
Check dx[ 3x 9x C X 9x X (32

_1 g 1( /2>
28. fz\/ dx fo dx = o172 +C=Jx+C
1

A1 s d=-L
Check: dX[\/X+C]_2\/;(

t + 2t2 1 2 4 2
= /2 3/2 — 5£¢3/2 4 Zt5/2 — £43/2
30.f A dt j(t + 2t3/2) dt 3t +5 +C 15t 5+6t)+C
df2,, 4 t+ 22
:i7/2+75/2+ — 1/2+ 3/2 —
Check dt[st 5t C] t 2t 7

o [(Le 172) - 1(“) 1(&) 1, 1

32.J<3+4t2>dt—f<3t+4t dt—34 taTg) tCeERtt 4t C

Check: —[itél -1y c] ey L
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2
3. f 2my(8 — y¥?) dy = 2| (8y — y¥2) dy = 277(4y2 - §y7/2) +c=2aa-yn +c

2
Check: E["’W—y(m — o2 ¢ c] = E[27T<4y2 - gy7/2) + c] = 16my — 2my5/2 = (27y)(8 — y¥?)
dyl. 7 dy| 7
10x2  x—-4
36.y= 38.y=
y \/1+x3 y e —ex+1
= 1—;J(l + x3)~1/2(3x?) dx = %j(xz — 8x + 1)~¥/2(2x — 8) dx
_ 1@+ x3)1/2} _ 1[(x2 —8x + 1)1/2]
_3[ 1/2 +C T2 1/2 +C
P — 2 __
:?\/1+x3+c =/ -8+1+C
dy 5
40. (8 (b) G - XCos¥, 0,1
j Xcosx2dx = = j cos(x?)2x dx
1l
> sin(x?) +C
1.
(0, 1): 1=§sn(0)+c c=1
y = %sin(xz) +1
42. j4x3sinx4dx = fsin x*(4x3) dx = —cosx* + C 44, fcos6x dx = %f(cosex)(G) dx = %sin 6x + C

46. fx sinx2dx = %f(sin X2)(2x) dx = —%cosx2 +C

48, fsec(l — x)tan(1 — x) dx = ff[sec(l —x)tan(l — x)J(—1)dx = —sec(1 — x) + C

(tan x)3/2
3/2

C= %(tan X)¥2 + C

50. f\/tanxseczxdx=

snx . L3 __(cosx)—2 1 1
52. Jco§xdx_ J(cosx) (—sinx) dx = — +C—20082X+C—Zseczx+c

54, fcs@(g) dx = 2]0%(%)(%) dx = 7200t<§) +C 56. f(x) = fwwc mXtan mxdx = sec wx + C
Sincef(1/3) = 1 = sec(w/3) + C,C = —1. Thus

f(x) = secox — 1.
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58. u=2x+1,x:%(u—1),dx=%du

fx\/2x+ ldx = f%(u - l)Jﬁ%du

%j(uy2 — ul/z) du

1/2 2
— =[5 p5/2 _ 53/2
4<5u 3u >+C

u3/2
= %(3U - 5) + C

— S@x+ D3+ 1) - 5]+ C

1

3/2 —
30(2x+ 1)%2(6x — 2) + C

_1 3/2(3 —
= 15(2x + 1323 — 1)+ C

62. Letu=x+4,x=u— 4,du=dx

2x+1 2(u—4)+1du
X+ 4 Ju

= J(Zul/2 — 7u™Y2)du
4 3/2 1/2
=30 - 14u*/2 + C
2
= §u1/2(2u -21)+C
= %m[z(x +4)-21]+C
= g\/x +4(2x—13) + C
3
66. Letu = x® + 8,du = 3x2dx.

L 3 3

1 3 _
= 6[(64 + 8)

68. Letu =1 — x2 du = —2x dx.

1 1 1
J X1 = x2dx = —%f (1 —x)Y2(—2x) dx = [—%(1 - x2)3/2] =0+
0 0 0

70. Letu =1 + 2X2, du = 4x dx.

| weeil

f a0 + 87 o - % f "¢ + 8730 x = [EM ‘
-2

(—8 + 8)3] = 41,472

60. u=2—-x,X=2—udx=—du
J(x +1)V2 — xdx = —J(S - u)J/udu
= ff(3ul/2 — ¥ du
_<2u3/2 _ gu5/2> +C
5
= —2u7(5— u+C
2
= —5(2 —-x¥5-(2-x]+C

= 22—+ 9 +C

64. u=t—4,t=u+4,dt=du
ft§/t — 4dt = f(u + 4)ur/3 du
= f (U*3 + 4u/3) du
37/3 4,
=Zu +3u3 +C
3u—(u+7)+c

=St-aqe- 9+ 7+

~St- a3+

2

(1 + 2)V2(4x) dx = [%m] = g - % =1

0
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72. Letu = 4 + X2, du = 2x dx.

2 2 2 —
J x¥4 + x2dx = % j (4 + x)1/3(2x) dx = [3(4 + x2)4/3] = 3(84/3 — 43 =6 — gw ~ 3.619
0 0 0

74, Letu:2x—1,du:2dx,x:%(u+1).

Whenx=1,u= 1. Whenx =5u=09.

5 9 9
X 1/2(u+ 1) 1 1f ,
————dx= | —/———=du==| (UW2+u?3du
L\/Zx— 1 L Ju 2 4 1( )
12 9
= | S’/2 + 1/2
4[3u 2u ]1

_ %[@(27) + 2(3)> - (% * 2)]

118 2

/2 > /2 2 2 A3 2 _
X . T T 3 57 2 \/é
76. Jﬂ/B(ercosx)dx—[z+smx]v/3—(8+1)—( + >—72+ 5

78. u=x+2,Xx=u—2,dx=du
Whenx = —2,u = 0.Whenx = 6,u = 8.

6 8 - 8 8
Area = j XRYx + 2dx = j (u—22Yudu= j (U/3 — 4u*3 + 4uV/3) du = [%um/3 - %um + 3u4/3]
-2 0 0 0

ke

80. A=f (sinx+c032x)dx=[—cosx+%sin2x] =2
0 0]

82. Letu = 2x,du = 2dx.

/4 /4 1 /4 1
Area = csc2x cot 2xdx = = csc 2x cot 2x(2) dx = [—fcsc2x] ==
/12 /12 2 w12 2
2 5 /2
84, f X3/X + 2dx = 7.581 86. J X2/X — 1dx = 67.505 88. f sn2xdx = 1.0
0 1 0

20 50 2

NS

Siré x
2

90. fsinxcosxdx = j(sin X)}(cos x dx) = +C

Cos? X
2

fsinxcosxdx = —f(cosx)l(—sinxdx) = — + C,

_ cos?x

—_ gn2 Ta 4
2 @ smx)+C=smx_1

+C,= 5 > > 5 + C,
. 1
They differ by aconstant: C, = C; + >

_ 4152
35
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92. f(x) = sin?xcosxis even.

/2 /2
f sinzxcosxdx=J sin? x(cos x) dx

94. f(x) = sinxcosx is odd.

/2
f sinxcosxdx = 0

—/2 0 —/2
iN3 /2
_ 2[sm x]
3 lo
_2
3
/4
9. (a) sinxdx = 0 since sin x is symmetric to the origin.
—m/4
/4 /4 /4 -
(b) cosx dx = ZJ cosx dx = [2 sin x]o = /2 since cos x is symmetric to the y-axis.
—7/4 0
/2 /2 /2
(c) cosxdx = Zf cosxdx = [Zsin x] =
—7/2 0 0
/2
(d) sinxcosxdx = 0 since sin(—x) cos(—x) = —sin x cos x and hence, is symmetric to the origin.
—/2

T ™

98.j (sin3x+c033x)dx=j sin3xdx+f

- -

cos3xdx = 0 + Zf

™

cos 3x dx = [gsin 3x] =0
3 0

0

100. If u =5 — X2 thendu = —2x dx and fx(S — x93 dx = —%J(S — X2)3(—2x) dx = —%fu3 du.

102, ‘2—? — K(100 — 12

Q) = j K(100 — )2 dt = —g(loo _pge+cC
Q(100) = C =0

Q) = —ao0 - o2

Q) = —%(100)3 ~ 2000000 k= -6

Thus, Q(t) = 2(100 — ). Whent = 50, Q(50) =
$250,000.

106. (@)

TN

Maximum flow: R~ 61.713 at t = 9.36.
[(18.861, 61.178) is arelative maximum.]

104. R = 3.121 + 2.399 sin(0.524t + 1.377)
@ e

NS

0

Relative minimum: (6.4, 0.7) or June
Relative maximum: (0.4, 5.5) or January

12
(b) f R(t) dt = 37.47 inches
0
1(* 1
() *j R(t) dt = =(13) = 4.33 inches
3)s 3

24

(b) Volume = f R(t) dt = 1272 (5 thousand of gallons)

0
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108. (@) ¢

(c) The points on g that correspond to the extrema of f are
points of inflection of g.

(e

) AN
Ve

-4

The graph of histhat of g shifted 2 units downward.

gt) = f tf (x) dx

= fw/zf(x) dx#—ft f(x)dx = 2 + h(t).

/2

110. False

Jx(x2 + 1)2dx = %J(x2 + 1)(2x) dx = %(x2 +12+C

112. True

a a

114. False

1 3
fsin2 2xcos 2x dx = %I(Sin 2X)2(2 cos 2x) dx = %%

116. Becausefisodd, f(—x) = —f(x). Then

faf(x) dx = fof(x) dx + faf(x) dx

= —jiaf (x) dx + faf (x) dx.
0

0
Let x = —u, dx = —duinthefirst integral.

Whenx = 0,u=0.Whenx = —a,u = a.

flf(x) dx = —faf(—u)(—du) + faf(x) dx

—a 0 0
a

:—J'f(u)du+jaf(x)dx:0

0 0

b b
jsinxdx = [—cosx] = —cosb + cosa = —cos(b + 27) + cosa = f

(b) gis nonnegative because the graph of f is positive at the
beginning, and generally has more positive sections than
negative ones.

(d) No, some zeros of f, like x = 77/2, do not correspond to
an extrema of g. The graph of g continues to increase
after x = /2 because f remains above the x-axis.

b+ 27

sin x dx
a

rc=tamaxtc

6
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Section 4.6  Numerical Integration

1732 3 1
X X 7
2. Exact: J;(E + 1> dx = [g + X:|O = 6 =~ 1.1667
/32 2 2 2 2
e W42 , ) ((1/2) ) ((3/4) ) (1 ) 75 _
Trapezoidal: L(2+1>d 8[1+2< + 2 > +1)+2 +1 2+1 64 1.1719
/32 2 2 2
i - X L (1/4) ) ((1/2) ) ((3/4) ) (1 )] 7
Simpson’s: L(2+l>dx~12[1+4< 5 +1)+2 > + 1)+ 4 > +1|+ 2+l 6~1.1667
4. Exact: f*d = 7 = 0.5000
ia | Lo~ L A2 (A L (A L]
Trapezoidal: f 5 Ox ~ [1 + 2(5) + 2(6) + 2<7> + 4] ~ 0.5090
- - 1.1 A A E R CA R 1
Simpson’s: f dx 1 + 4(5> + 2(6) + 4(7) + 4] =~ 0.5004
8 3 8
6. Exact: J 3/xdx = [me] = 12.0000
0 0

8
Trapezoidal: J%&dXz %[o +2+2%2+ 283+ 234+ 235+ 236 + 237 + 2] ~ 11.729
[0]

8
Simpson’s: f%/;(dx =~ %[o + 4+ 232+ 433 + 234 + 43/5 + 23/6 + 437 + 2] ~ 11.8632
0

3 e 11 2
8. Exact: f (4—-x)dx = [4)(,5] 37§= 3= —0.6667

> ] +200) + 2[4 - <g>2] - 5} = —0.7500

25

Trapezoidal: J 4-x)dx = {3 + 2[ <g
9) + o+4<4——> — 5] ~ —0.6667
4 4 '

Simpson'’s: J 4-x)dx = 1[3 + 4<4 -

2 2
10. Exact: J XVX2 + 1dx = 2| (% + 1)3/2] = %(53/2 — 1)~ 3.393
0 (0]

Trapezoidal: f T i~ Yo+ 2( )‘/(1/2)2 1+ 20/ 1+ 2(3) @271+ 202+ 1] ~ 3457
0

(D\H .MH [
1

Simpson’s: fzx\/x2 + 1ldx = O + 4( )\/(1/2)2 1+2(1)V/12+ 1+ 4( ) (3/22+ 1+ 222 + 1] ~ 3.392

12. Trapezoidal: \/ﬁ dx = 1[1 + 2( NCERCTEE +1(1/2)3> + 2< \/ﬁ> + 2< \/ﬁ) + 1] ~ 1.397

3
Simpson’s: f m ~ %[1 + 4( m> + 2( ﬁ) + 4( \/ﬁ) + %] ~ 1.405
Graphing utility: 1.402
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;T . (5 ;'r . (3 ;T (T
14. Trapezoidal: f \/xsmxdx~16[\/ (1)+2\/8 sm(8>+2\/4sm(4)+2\/8s (8>+0]~1.430
Simpson's: f Uxsinxdx = [\/ + 4\/ ' \/?sin<3:> + 4\/7;sin<7g> + 0} ~ 1.458

Graphing utility: 1.458

ST - - - ,
16. Trapezoidal: f tan(x?) dx = /4 tan0 + 2tan<¢>2 + Ztm(#y + 2tan<3777/4>2 + tan<\/ W>2
0 L

8 4) |
~ 0271
/4 / i / 2 / 2 " a\2 2]
Simpson's: tan(2) dx ~ 27 tan 0 + 4tan<ﬂ> + 2tan(ﬂ> + 4tan<w> +tan /T
o 2| 4 2 4 4) |
~ 0.257

Graphing utility: 0.256

/2
18. Trapezoidal: f V1 + coxdx = 1—7;[\/5 + 21 + coA(7/8) + 2/1 + cosi(w/4) + 2/1 + cosX(37/8) + 1] ~ 1.910
0

/2
Simpson'’s: f V1 + cos? x dx = 2—7:1[\/5 +4./1 + cosX(7/8) + 2/1 + cos¥(w/4) + 41 + cos?(3w/8) + 1] ~ 1.910
0

Graphing utility: 1.910

sinx o 2sin(w/4) 2sin(w/2) = 2sin(3m7/4) ]~
20. Trapezoidal: f—dx 8[1+ /4 + /2 + 3u/4 +0 1.836
) . "sinx . | 4sin(w/4)  2s€n(w/2)  4€n(3w/4) ]~
Simpson’s: L X X 12[1+ /4 + /2 + 30/4 + 0 = 1.852
Graphing utility: 1.852
22. Trapezoidal: Linear polynomials
Simpson’s. Quadratic polynomials
24. f(x) = x+1
s —1
M09 = G 12
7 — 2
P = G5 1
" — _6
00 = v 1
24
@(x) =
P00 = v 18
(8) Trapezoidal: Error 14— )(2) 7~0_01 since

12(4?)
f”(x) is maximum in [0, 1] when x = O.

a-0°, . 1
180(4%) (24) = 150 = 0:0005

(b) Simpson’s: Error

since f¥(x) is maximum in [0, 1] when x = 0.
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26. f(x) =

_2
S A+x?

in[0, 1].

(@ |f1x)| ismaximum when x = 0 and |f"(0)| = 2.

Trapezoidal: Error

f(4)()() =

24
1+ x5

12n?

1

in[0, 1]

(b) |f@(x)| is maximum when x = 0 and |f“@(0)| = 24.

Simpson’s. Error

28, f(x) = (x + 1)2/3

180n*

1

@ f//(X) = *W in [0, 2]

|£7(x)| is maximum when x = 0 and |f(0)| =

Trapezoidal: Error

@) = - O
0) 1900 = ~g15+ o
[f@(x)| is maximum when x = 0 and | f¥(0)| = a1

Simpson's. Error

be even.)

30. f(x) = sin(x?)
(@ f1x) = 2f—2x2sin(x® + cos(x3)]in [0, 1].

|f(x)| is maximum when x = L and |f"(1)| = 2.2853.

56

Trapezoidal: Error

12n"\9

in[0, 2]

81

(1-03
12n?

2
5

56

(b) f@(x) = (16x* — 12) sin(x?) — 48x2 cos(x?) in [0, 1]

|f@(x)| is maximum when x ~ 0.852 and | f(¥(0.852)| ~ 28.4285.

— 5
Simpson’s. Error 1-0

180n*

(2) < 0.00001, n? > 16,666.67, n > 129.10; let n = 130.

8 <g> < 0.00001, n? > 14,814.81, n > 121.72; letn = 122.

183;14(56) < 0.00001, * > 12,290.81, n > 10.53; let n = 12. (In Simpson’s Rule n must

(2.2853) < 0.00001, n* > 19,044.17, n > 138.00; let n = 139.

(28.4285) < 0.00001, n* > 15,793.61,n > 11.21; letn = 12.

32. The program will vary depending upon the computer or programmable calculator that you use.

34. f(x) = V1 — x2on[0, 1].

n | L M(n) R(n) T(n) S
4| 08739 | 0.7960 | 0.6239 | 0.7489 | 0.7709
8| 08350 | 0.7892 | 0.7100 | 0.7725 | 0.7803

10 | 0.8261 | 0.7881 | 0.7261 | 0.7761 | 0.7818

12 | 0.8200 | 0.7875 | 0.7367 | 0.7783 | 0.7826

16 | 0.8121 | 0.7867 | 0.749 | 0.7808 | 0.7836

20| 08071 | 0.7864 | 0.7571 | 0.7821 | 0.7841

(24) < 0.00001, n* > 13,333.33,n > 10.75; let n = 12. (In Simpson’s Rule n must be even.)
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36. f(x) = % on[1,2].

n | L M(n) R(n) T(n) Sin)
4| 07070 | 0.6597 | 0.6103 | 0.6586 | 0.6593
8| 06833 | 06594 | 0.6350 | 0.6592 | 0.6593

10 | 0.6786 | 0.6594 | 0.6399 | 0.6592 | 0.6593

12 | 06754 | 0.6594 | 0.6431 | 0.6593 | 0.6593

16 | 0.6714 | 0.6594 | 0.6472 | 0.6593 | 0.6593

20 | 0.6690 | 0.6593 | 0.6496 | 0.6593 | 0.6593

38. Simpson’'sRule: n = 8

w/2

/ 2 . S3a )/ 2 . / 2 .. / 2 .. / 2 ..
_ = 2 ~ = _ = 2 P — 2 " N — 2 _ = 2

8\/§f0 1 3sm 6do 6 { 1 3sm 0+ 4 1 3sm 16+2 1 3sm 8+ + 1 3sm >

=~ 17.476

40. (a) Trapezoida:

fzf (x) dx = %[4.32 + 2(4.36) + 2(4.58) + 2(5.79) + 2(6.14) + 2(7.25) + 2(7.64) + 2(8.08) + 8.14] ~ 12.518
0

Simpson’s:

2
f f(x) dx = %[4.32 + 4(4.36) + 2(4.58) + 4(5.79) + 2(6.14) + 4(7.25) + 2(7.64) + 4(8.08) + 8.14] =~ 12.592
0
(b) Using a graphing utility,
y = —1.3727%% + 4.0092x2 — 0.6202x + 4.2844

2

Integrating, J ydx = 12.53
0

42. Simpson'sRule: n = 6

=4jl#dXQi[1+ 4 + 2 + 4 + 2 + 4 +1]
T 1R 3(6) 1+ (1/62 1+ (2/62 1+ (3/62 1+ (462 1+ (5/6)?2 2

~ 3.14159

44. Area~ %[75 + 2(81) + 2(84) + 2(76) + 2(67) + 2(68) + 2(69) + 2(72) + 2(68) + 2(56) + 2(42) + 2(23) + 0]

= 7435sgm

46. The quadratic polynomial

(x) = (X = %) (X = X5) (X = X)(X = %) (X = X)(x = %))
P - (Xl - Xz)(xl - X3) ! (Xz - Xl)(xz - Xs) 2 (Xa - Xl)(X3 - Xz) 3

passes through the three points.



