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CHAPTER 7
I ntegration Techniques, L’Hopital’s Rule, and Improper Integrals

Section 7.1  Basic Integration Rules
Solutions to Odd-Numbered Exercises
d 1 B _ 2X
1. (3 &[2‘/# +1+(= 2<§>(x2 + 1) V2(2) = N
d 1
() G [V + 1+ =502+ 122 = fﬁ -
© ﬂ[lm N c] - 1<1>(x2 b)) = —
dx| 2 2\2 2V + 1
©) %[In(xz +1)+Cl= %

X

2+1) ¥+1

3. (a %[In\/xz +1+q= 1( x ) X

d 2X (e +1)22) = (2200 + D(2x) _ 2(1 - 3%
(b) &[7()(2 T2 C] = =

(x@+ 1)4 (@ + 1)
(© %[arctanx +C]= 1 sz
(d) %[In(x2 T+ Cl=5

1
fm dx matches (c).

. 1 3
5. J(SX—Z) dx 7. J\/;((l—Z\/i)dX 9. Jﬂdt

u=1-2J/%du=—

Usef@.
u

u=3x—2,du=3dx,n=4 dx u=tdu=dt,a=1

1
JX
Usefu” du. UsefL

/a2 _ u2

11. ftgntzdt

50

u=t2du=2tdt

Usefsjnudu.

13. fcosxes“‘xdx
u = sinx, du = cos x dx

Usefe“du.
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15. Letu= —2x + 5,du = —2dx.

f(—2x + 532 = —%J(—Zx + 5)3/2(—2) dx

= —%(—ZX +5)5%2+C

19. Letu=1t3— 1,du = 3t2dt.
f PYE = 1dt = % f (8 — 1)Y3(30) ot
3 _ 4/3
TGS
3 4/3

3 _ 4/3
_ (-1 41) e

23. Letu= —t3+ Ot + 1,du= (—32 + 9) dt = —3(2 — 3) k.

17. Letu=z—4,du=dz

J —ap J(Z—)de 522" ¢

=M= ap 4)4 tc
21. f[ (3\/ = 1)3 fv dv + J(SV — 1)73(3)av
1

=V 6(3v— 92" C

2 _ — 2 _
f¥dt= —EJMdt= —%In|—t3+9t+ 1 +C

-+ 0 +1 3j-t+9+1

X2 1
Jx_ldx—f(x+1)dx+fx_ldx

=%x2+x+ln|xfl|+c

25.

(&)

27. Letu=1+ € du = e<dx

e
fl+exdx—ln(l+ex)+c

29. f(l + 2x3)2dx = f(4x4 + 4x2 + 1)dx = gXS + gx3 +x+C= 1—)(5(12x4 + 20x2 + 15) + C

31. Letu = 27X, du = 4mrx dx.

f x(cos 2mx3) dx = %T f (cos 27 x3)(4ar x) dx

= isin277'x2 +C
47

33. Letu = wx,du = wdx.

J csc(7rx) cot(arx) dx = % j csc(arx) cot(mx)ar dx = _717 csc(mX) + C

35. Letu = 5x,du = 5dx.

X —1 X —1 X
fe‘s dx—sfe'3 (5)dx—5e5 +C

37. Letu=1+ eX du = e*dx.

2 1 eX
je 1% J(e‘“rl)(&)dx

— eX — X
—2f1+exdx—2ln(1+e)+c
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2 2
Irl—de= 2f(lnx)%dx= 2@ +C=(nx?+C

39.
X

©

41 f%dx: J(secx + tanx) dx = In|sec x + tan x| + In|sec x| + C = In|sec x(sec x + tanx)| + C

1 _ 1 ,cosf+1_ cosf+1 cosh+1
cosf—1 cosfh—1 cosfh+1 costH—1 —sin? 6

= —csch - coth — csc? f

Y ~ o2
Jcos()—lde_f( csc 6 cot O — csc? 0) do

=csch+coth+ C

T e
snfd sné6
:1+_cos(9+c
sin o
3+ 2 3 2z dz
4. J22+9d2—§J22+9d2+ 2f22+9 47. Letu =2t — 1,du = 2dt.
-1 1 2
3 2 z 7dt=—*f7dt
:§|n(22 +9) +§arctan(§> +C 1— (2t — 12 2 - (2t 172
= f%arcsin(thl)JrC
49, Letu:cos<%>,du:2%gz/t)dt.
tan(2/t) g1t [Zsin(Z/t)] "
t? 2/ cos(2/t) t?
1 2
—?ncos(;)‘ +C

51 X = 3arcsin<x;3> e

=== ;

53. f$dx: j;dx:larctan[w] + C:Earctan<2xJr 1> +C

4x2 + 4x + 65 [x + (1/2)2 + 16 4 4 4 8
ds t 1
s 5 o)
@ s (b) u=t?du=2tdt

1 .
= Zarcsint2 + C

f#dt:;det
Vi-tt 2 /1-®2 0 2

\\_/ t 08
1\‘/ (o,—l): I lasino+co c--

2 2 2
-12 II‘ "l 12

o s= Lacsnt — 1 | \____//

2 2

NI~

-0.8
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[
[S)

57.

Lt G

R

R )
eI E e

L LR N
LN
R
-

At

10

dy  sec®x
Ol 4 = 4 + tanex

Let u = tanx, du = sec? x dx.

sec? X 1 tan x
= — = — —_— +
y 1+t 2de 2arctan( 5 ) C

65. Letu = —x2 du = —2xdx.

1 1, 1
J’xe_xzdx = —lf e “(—=2x) dx = [—le_ﬂ
. 2, 2° o

= %(1 —e1) = 0316

69. Letu = 3x,du = 3dx.

e L dx = 1 2/ﬁ73 dx
o A4+ 3, 4+ (X2

= | g actan| 5 .
m
=18~ 0.175

1 -2
73. J'1+Singde—tano—sec(9+C<orl+tan(0/2)>

The antiderivatives are vertica trandations of each other.

INE

77. Log Rule: f% =Inju + Cu=x2+ 1L

59. y=J(l+e>‘)2dx=J(e2X+2ex+l)dx

:%ezx+2ex+x+c

63. Letu = 2x,du = 2dx.
/4 1 /4
f cos 2x dx = *f cos 2x(2) dx
0 2 0
1. 4]
- [ES“ZX]O =2
67. Letu = x2+ 9,du = 2xdx.
f - S f 0@ + 9 /2(2x) dx
o VX2 +9 0
4
- |2+ s[ -4

1 1 X+ 2
71. J7X2+4X+13dx—§arctan( 3 >+C

The antiderivatives are vertical trandations of each other.

1

n+1

n+1

75. Power Rule: ju” du = +Cn# —1

u=x*+1n=3

79. The are equivalent because
g+C=gx. &= Cex, C =5
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81.

83.

89.

sinx + cosx = asin(x + b)
sinx + cosx = asinxcosb + acosxsinb

sinx + cosx = (acosb) sinx + (asinb) cosx

Equate coefficients of like terms to obtain the following.

l=acosb and 1=asnb

Thus, a = 1/cosb. Now, subgtitute for ain1 = asinb.

1 .
1= <@)sn b

T
l=tanb O b—z
. T 1 . .
=~ g=—— = ) + =
Sinceb ik cosn/A) 2. Thus, sin X + cosx \/ﬁsm(

w
X+

4

fsinx ijrxcosx = fﬁs‘n(;)jr (/3) = %fcsc(x + 77:) dx = f% In‘csc(x + %) + cot(x + g)‘ +C

2
f i dx = 3

o X +1
1
Matches (). A= 4f X1 — x2dx
, 0
1
ol = —ZJ (1 = x)Y2(—2x) dx
0
2+ 4 1 4
— | 21 232 = 2
. [-5a -] -5
o2 s
N
]
(@) Shell Method: y
Letu= —x2 du = —2xdx. 1

N

1
V= 277J xefxz dx
0

1 2
= —wf e *(—2x) dx

0

]

=l - e') =~ 1986

[N

85. Letu=1— X3 du= —2xdx

1/a 1/a
87. f (x — ax¥)dx = [1x2 - %x3]
0

2 0
-1
6a?
1 203,12
Let6a273,12a —3,a—2.

<

(b) Shell Method:

b
V= Zarf xe~* dx
0

I
—
|

|
%
[
o o

4
= — g P =
(1 — e™™) 3
37— 4
7b2:
€ 3T
37
b= In(sﬂ__4>
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4
:[Sarcsiné] :5arcsinﬂ y
5]o

91. A= 5

=
—dX
25 — X2

SVErN
Ao 25*X2

2T (2157,7)

5arcsm(4/5)< )f (25 — X3 M3(—2x) dx 1 "

~ Barcs n(4/ 5) [ 25 = 1/2]

1
~ arcsin(4/5) [3 5]

2

93. y = tan(mX)
y’ = a sec?(mX)

1+ (y)? =1+ w2sec(mx)

1/4
s= j V1 + 72 sect(mx) dx
0

~ 1.0320

Section 7.2  Integration by Parts

1. %[sinx — xcosx] = cosx — (—xsinx + cosx) = xsinx. Matches (b)

3. &[%ex — 2xe< + 2€] = xPe* + 2xe* — 2xe¢ — 2€X + 2e* = x%e*. Matches (C)

5. fxéxdx 7. f(lnx)zdx 9. fxset?xdx

u=x dv=e*dx u= (Inx)2 dv = dx u = X, dv = sec? xdx

1. dv=eZdx O v= Je—Zde = _le—zx

2
u=x O du=dx
1 1
—2X — oy 2 _ | —Za-2x
fxe dx 2xe fze dx
1

1
— —Zyp 22X — Za—2X + —
*€ 2° C= e

(2x+1)+C
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13. Useintegration by parts three times.

(1) dv=edx O v=fe*dx=e>‘

u=x2 [0 du=3xdx u=x

fxe'exdx: XX — 3fx2@dx: X3¢ — 3x%e< + 6Jxexdx

(2) dv=edx O v:fexdx:ex

(3) dv=edx O V=Je><dx=ex

O du=2xdx u=x O du=dx

=X — 3%+ 6xe*— 6+ C=e(x3—3x%+6x—6)+C

15. f x2efdx = S f e“(3x®)dx = %@3 +C

3
t2
—ftdt— 5

1
= + = —
u=Intt+1) O du — 1dt

17. dv =tdt O

ftln(t+ 1)dt = *'ﬂ(t‘i‘ 1) —*J‘mdt

t2 1 1
—E|n(t+l)—§J< —1+m)dt
1 t2

:gln(t+1)—5[——t+|n(t+1)]+c

2

= 22— Dinft+ 1 - 12 + 2] + C

19. Letu = Inx, du—;dx

f(lnxx) f(ln N (In X)3 N

23. Useintegration by parts twice.
(1) dv=edx O v=je>‘dx=e>‘

u=x2 O du= 2xdx

f(xz—l)exdx:JxZeX dx—J'e><dx:x2e><—2fxe><dx—ex

=x2eXfZ[xe>‘f fe*dx] -

21. dV:(zxiil)de O V:f(2X+1)_2dX
-1
2(2x + 1)
u = xe¥ O du= (2xe* + e*)dx
= eX(2x + 1) dx
Xe> _ e
J(2x+1)2dx_ 2x+l fdx
eZX
2(2x+1)+7+C
eZX
“ax+1 ©

Il
D
o
x

Il
D

(2 dv=edx O v

u=x O du

Il
o
X

=X — 2%+ e+ C=(x— 1%+ C
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25. dv=/x—1dx O v= f(x — Vedx = g(x — 1)3/2

u=x O du=dx

Jx\/m dx = %x(x - 1)%2 - %j(x — 1)%2dx

:g _ 3/2_i _ 1)5/2
3x(x 1) 15(x 152+ C

— 1)3/2
= %(SX +2+C

29. Useintegration by parts three times.

(1) u=>3du= 3% dv=sinxdx,v= —cosx

jx3sin dx = —x3cosx + 3fx2 cos X dx

(2) u=x?du= 2xdx, dv = cosxdx, v = sinx

jx3sinxdx: —x3cosx + S{XZSinx— Zstinxdx}
= —x3cosx + 3x2sinx — Gfxsjnxdx

(3) u=x,du=dx,dv=snxdx,v= —cosx

jx3sinxdx

31l. u=t,du=dtdv=csctcotdt,v= —csct
ftcsctcottdt= —tcsct + fcsctdt

= —tecsct — Injesct + cott| + C

35. Useintegration by parts twice.

(D) dv = ek O v:Jezxdx:%ezx

u=sinx [ du= cosxdx

27. dv=cosxdx I v= Jcosxdx=sjnx

u=x O du=dx

fxcosxdx: Xsinx — fsinxdx: xsinx + cosx + C

—x3cosx + 3x2sinx — 6[—x cosX + jcosxdx]

—x3cosx + 3x2sinx + 6xcosx — 6sinx + C

33. dv = dx O v=jdx=x
u = arctanx [ du=mdx
X
farctanxdx:xarctanx—j > dx
1+ x

= xarctan x — %In(l+ x3) + C

(2) dv=e*dx O V:J'ezxdx:%e2x

u=-cosx [0 du= —sinxdx

fezxsinxdx = 1ez"sinx— %jezxcosxdx: %ezxsjnx — %(%éxcosx + %fezxsinxdx>

2

5 . 1 . 1
Zfe”snxdx—ie”snx—zeﬂcosx

fe”gnxdx:%e&(zgnx— cosx) + C
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37,y = xe°

y=fxex2dx=%exz+c

39. Useintegration by parts twice.

(1) av = d O v= f(Z + 3t)~Y2dt = 5\/2 + 3t

1
Y2+ 3t
u=t? O du=2tdt
@ dv=2+3td O v= f(z + 3t)V/20t = %(2 + 31)3/2

u=t O du=dt

t2 222 + 3t 4f
= dt = - = [t/2 + 3tat
y J’\/72+3t 3 3

2
(IS 42y gy 2 f @+ apzal

_A2/2+ 3
3
2/2+ &

=2 (072 — 24t + 32) +
o5 (22— 24+ 32 + C

8t 32, 16 5/2
27(2 + 3t)%2 + 405(2 +3)¥2+C

41. (cosy)y’ = 2x

Jcosydy = f2x dx

sny=x2+C

43. (@ y (b) % = xJy cosx, (0, 4)

dy f
—= = [ xcosxdx
E

jy*l/zdy = fxcosxdx (u=xdu=dx dv=cosxdx, v=snx)

* 2y1/2=xsinxffsjnxdx 6

= Xxsinx + cosx + C /\ﬂ
N e

(0,4): 2H¥?=0+1+C0O C=3

2.y = xsinx + cosx + 3

dy _ X .8 -
45, dx—yeX ,y(0) =2 M

=
[S)

o N

10

A A L

A LN

RN G
LT
LN L
e L
EEr
By LR
[ (R

g v

RN
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47. u=x,du =dx, dv=e¥2dx,v= —2e%2

xe¥2dx = —2xe™/2 + [2e7/2dx = —2xe™¥/2 — 4e7¥/2 + C

4 4
Thus, f xe ¥2dx = [—erfx/z - 4e*x/2]

0
=-82-4e2+4

= —12e72 + 4 =~ 2.376.

0

49. See Exercise 27.

NIE

/2 /2
f xcosxdx = [xsinx + cosx] =—-1
0 0

51. u = arccosx,du = — dx, dv = dx,v = X

1
J1— X2

X
farccosxdx=xarccosx+f 2dx=xarccosxf J1I-x+C
X

/1 —
1/2
Thus, f arccos X = [x arccosx — 1 — xz]
0 0

= 1arccos<1> - \/é +1
2 2 4

1/2

53. Useintegration by parts twice.

(1) dv=exdx O V=Jexdx=ex (2) dv=exdx O v:fédx:@

u=sinx [0 du= cosxdx u=cosx [0 du= —sinxdx

Jexsinxdx: eXsinx — fexcosxdx: eXsinXx — eXcosx — fexsinxdx
Zfexsinxdx = eX(sinx — cosx)

X
fexsjnxdx=%(sinxf cosx) + C

. inl — +
=§(sm17cosl)+%=e(sm1 ;051) 1~0.909.

o e . 1
Thus, | e*sinxdx = [—(smx - cosx)]
o 2 0

x3 1
55. dv = x2dx,v:§,u: Inx,du:;dx

x3 x3 (1
2 _ _ |12 =
fx In x dx 3Inx J3(X)dx

RSN § I
—Slnx 3J'xdx

2 X3
Hence, | X2 Inxdx = | =
1 3

| ——

1 2
Inx — =x3
9

8
—§In27 +

©| oo

8 7
—§In275~ 1.071.

Ol
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X2 1

57. dv=xdx,v=—u=arcsec X, du = ————=dx Hence,
2 XX —1 .
2 4
X2 X2/2 Xarcsec x dx = [X—arcsecx—;\/xz— 1]
Xarcsec X dx = —arcsec X — | ————=dx 2 2 2 2
2 XJ/X2 —1
—X—zarcsecx—éjidx :<8HM4_J§>_<?_?>
2 4) /-1 e
15 3 27
2 — _ 4+ XY= ==
=X§arcsecx—%\/x2—1+c Barcsec4 2 2 3
~ 7.380.
59, f X2€2X dx = Xz(lezx> — (2X)(162X> + 2<lezx> +C Alternate | uand its v/ andits
2 4 8 signs derivatives | antiderivatives
:1 2ezx_lxe2x+1e2x+c + X2 e
2 2 4 I
- 2X 7€
=226 - 2+ 1)+ C N ) 1o
— 0 %eZX
3 3 o . Alternate | uand its v’ and its
61. [x3sinxdx = x3(—cosx) — 3x3((—sinx) + 6xcosx — 6sinx + C signs derivatives | antiderivatives
= —x3cosX + 3x2snx + 6xcosx — 6sinx + C + x3 sinx
= (3% —6)sinx — (x3 — 6x) cosx + C - 3 —CosX
+ 6x —sinx
- 6 Cos X
+ 0 sinx
63. fxseczxdx = xtanx + In|cosx| + C Alternate | uandits | v'andits
signs derivatives | antiderivatives
+ X sec? X
- 1 tan x
+ 0 —In|cos x|

65. Integration by partsis based on the

product rule.
71. Yes. Letu = xand du = ! dx

(Substitution adsoworks. Letu = /x + 1)

67. No. Substitution.

/2
o _
75.L e 2sin 3x dx [ 13

P _ /2
e 2(—2sin3x 30053x)] _ 1713(28777 + 3) ~ 0.2374

73. Jt3e*4‘ dt =

128

69. Yes. u = X2, dv = e*dx

e—m
— (3263 + 2412 + 12t +

3)+C
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77. (@ dv= V/2x—3dx O v= f(Zx — 3)Y20dx = %(Zx — 3)32

u= 2x O du=2dx

fZX\/ZX —3dx = %x(Zx - 3)¥2 — %f(ZX — 3)%2dx

,g _ 3/2_£ _ 2)5/2
3x(2x 3) 15(2x 3)%2 4+ C

= 2(2x - 323+ 3) + C = Z(x - 3P2x + 1) + C

®u=2x-30 x=""3adax = Ldu
2 2
j 2xJ/2x — 3dx = f 2(i23> u1/2<%> du = % f (W32 + 3u"2) du = %Euw + 2u3/2] +C

_ %uS/Z(u L5 +C= %(Zx _3¥(2x —3) + 5] + C = %(2x — 32+ 1)+ C

X
79. () dv = —=dx O v = 44+ )" V2xdx = /4 + x2
@ 4+ x2 f( )

u=x2 O du=2xdx

X3
———dx = X*V4 + X — 2[xJ/4 + ¥ dx
f\/4+x2 f

=x2/4 + X2 — %(4 +x)32 + C = %\/4 +x2(x2—8) +C
bu=4+x 0 ¥=u—4and2xdx=du O xdx:%du
f X dx=f X xdx=fu_4
NZ 'S 4+ xR Ju

1 1/2
— 1/2 _ pAy—-1/2 — =(&,3/2 _ g /2
2f(u 4u=2)du 2<3u 8u >+ c

%du

- %ul/z(u 1) +C= %‘/4 T[4+ x) —12]+ C = %\/4 (28 +C

8l n=0: jlnxdx=x(lnx71)+c
X2
n=1 jxlnxdx=z(2lnx—1)+c
X3
n=2: szlnxdx:§(3lnx—1)+c
X4
n=3: x3lnxdx=E(4Inx—l)+C

5
n=4 fx“lnxdx:;—s(Slnx— 1)+ C

n+1
In general, fx”lnxdx = X+71)2[(n + 1)Inx — 1] + C. (See Exercise 85.)

(n
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83. dv=sinxdx [J v = —cosx

u=x" O du=nx""1dx

fx”sinxdx = —x"cosXx + njx“*lcosxdx

87. Useintegration by parts twice.

1

(1) dv=e*dx O v=£e""x

u=sinbx [0 du= bcosbxdx
feaxsinbxdx=eaxsTnbx —gfeaxcosbxdx

_ e¥sinbx Q[eaxcosbx
a a a

+gfeaxsinbxdx]

e*(asin bx — b cos bx)

2
Therefore, <1 + b—z)feax sinbxdx = >
a a

f@xsnbxdx= o

89. n = 3 (Useformulain Exercise 85.)

X4
3 == - 1]+
fx In x dx 16[4Inx 1]+ cC

93. dv=e*dx O
O du=dx

v=—e~

u=X

4 4 4 —4 4
A=jxe‘xdx= [—xe‘x] +J'e‘xdx=f— [e‘x]
o o Jo e 0

5
1- &= 0.908

3

e*(asin bx — b cosbx) .

Xn+l
= xn =

85. dv=x"dx O v 1
1

u=Inx O du=;dx

Xn+1 Xn
x"Inxdx = Inx — dx
n+1 n+1

=(n%)z[(n+ Dinx — 1] + C

(2) dv=eXdx O v=§eax
u=-coshx 0 du= —bsinbxdx
1 2
=L(S'nbx—b7feaxsinbxdx
a a

C.

91. a= 2,b =3 (Useformulain Exercise 88.)

€*(2 cos3x + 3sin 3x)
13

fezxcos3xdx =

1
95. A= f e *sin(rx) dx
0

1

_ [e*x(—sin X — T COS wx)]

1+ 72 0
1 T T 1
- 1+772<e+77)_ 1+w2<e+1>
~ 0.395 (See Exercise 87.)

1

+C
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e e
97. (a) A:flnxdx: [—x+ xlnx] = 1 (SeeExercise 4.) y
1 1
() RX) =1Inx,r(x) =0 27
e (&1
V= f(lnx)zdx i
1
e + X
= w[x(ln X)2 — 2xInx + ZX] (Use integration by parts twice, see Exercise 7.) oz
1
= m(e — 2) = 2.257
e
©) p(X) = x, h(x) = Inx (d) X:LXI:XdX:ezzlzZ.OW
V=2 eI dx = 2 X—z(—l+2I )e e (nx)2dx  e—2
77rlxnxx—7r4 nX1 y:le = ~ 0.359

(@ + D7 . _
= =18 (See Exercise 85.) X y) = (ezz 1’ e . 2) ~ (2,097, 0.359)
99. Averagevalue = %f e “(cos2t + 5sin 2t)dt
0
— + 25 —4sn2t — - )
l[eﬂu( 4cos2t + 2sin 2t> N 5e*4‘( 4sin2t — 2cos 2t>] (From Exercises 87 and 88)
T 20 20 0
— T (1-em~0223
107 '

101. c(t) = 100,000 + 4000t, r = 5%, t, = 10

10 10
P= f (100,000 + 4000t)e~ 0%t dt = 4000 f (25 + t)e 005 g
0 0

100

Letu= 25+t dv=e 90t du = dt,v= _?e—0.0St
10 10
P = 4000 [(25 + t)<—@e‘°<°5t)] + @ e~ 0.08t gt
5 0 5 Jo
10 10
= 4000 [(25 + t)(_@e—oosr)] _ [Me—o.w] ~ $931,265
5 0 25 0

T

—ar

103.[ xsinnxdx=[—§cosnx+lzsinnx]
n n

-

aw o
= ——cosmn — — cos(—mn
, cosn — —cos(— mn)

27
——— COSmn
n

_ {(ZW/n), if niseven
(27/n), ifnisodd
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105. Letu=x,dv = sin(mx>dx, du=dx,v= —icos<n—77x>_
2 nw
I, = 1x sin<n—77 x) dx [;ZX cos(m x)]l + 2 lcos<n—77 x) dx
! 0 2 nw 2 o Nnmj, 2
2ol [ (2]
nw 2 nmw 2 o
2 o) (2 )
nwr 2 nm 2

Letu=(—x+2),dv= én(niTx>dx, du= —dx,v= f%r cos(mx)

= [ (o[22 - [
7] [l o]
) 2 ok
- (o) (2 o] )

107. Shell Method:

b
V=27-rf x f(x) dx y

a
f(a) 4
X2

dv=xdx O v= > oL

u=f(x) O du=f(x)dx

V= Zw[ng(x) — jng’(x)dx}: a 1
b
_ w[(be (b) — a2 (a)) — f xzf'(x)dx]
Disk Method:
f (a) f (b)
Ve WL (7 — &) dy + wjm [0? — [f-X(y) 2y
f (b)
= m(b? — a2 f(a) + #b?(f(b) — f(a)) — Wﬁ( ) [f-Xy)]2dy

f (b)

- o 671 - t(@) - f [ HyFey|

f(a)
Sincex = f~X(y), we have f(x) = y and f(x)dx = dy. Wheny = f(a), x = a. Wheny = f(b), x = b. Thus,

f(b) b
Jf Ty - f $261) dx

(a) a

and the volumes are the same.
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109. f/(x) = xe

@ fx = Jxe*x dx=—-xe*—e*+C (b

(Parts: u = x, dv = e *dx)
f)=0=-1+C0O C=1

0 4
f(x) = —xeX—e*+1 °
(¢) You obtain the points (d) You obtain the points
n Xn yn n Xn yh
0|0 0 0|0 0
1 005 | 0 1 010
2 0.10 | 2.378 x 1073 2 0.2 | 0.0090484
3 0.15 | 0.0069 3 0.3 | 0.025423
4 0.20 | 0.0134 4 0.4 | 0.047648
80 | 4.0 0.9064 40 | 4.0 0.9039
1 1
0 4 0 4
0 0

(e) f(4) = 0.9084

The approximations are tangent line approximations. The results in (c) are better because Ax is smaller.
Section 7.3  Trigonometric Integrals

1. f(x) = sin*x + cos*x

1- cos2x>2 . (1 + cost)2

- _
(@ sin®*x + cos*x ( 5 5

=%[1f 2c0s2x + €os? 2x + 1 + 2 cos2x + cos? 2x]

1 1 + cos4x
=2+ 2—-
4[2 . ]

= %[3 + cos 4x]

(b) sin*x + cos*x = (sin?x)? + cos* x
= (1 — cos?x)? + cos* x
=1 - 2cos?x + 2cos*x
(€) sin*x 4+ cos*x = sin*x + 2sin?x cos? X + cos* X — 2sin? X cos? X
= (SN X + cos? x)2 — 2sin? X cos? X
=1- 2dn?xcos’x

—CONTINUED—
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1. —CONTINUED—

(d) 1 —2sin?xcos?x = 1 — (2sin x cosx)(sin x cos x)
=1-—(sin ZX)(%sin 2x)
—1-Ltgm
=1 2sm(Zx)

(e) Four ways. There is often more than one way to rewrite a trigonometric expression.

3. Letu = cosx,du = —sinxdx. 5. Letu = sin 2x, du = 2 cos 2x dx.

fcos3xsmxdx N —jcos" X(=sinx) dx fsin5 2xcos2x dx = %fsinS 2X(2 cos 2x)dx

1
= —4c0s'x+C ———1125in52x+C

7. Letu = cosx, du = —sinxdx.

fsinsxcoszxdx = fsinx(l — €0s? X)2 cos? x dx

—f(cos2x— 2cos* x + cosﬁx)(—sinx)dx=%100§x+gco§x—1cos7x+ C

5 7
- . . 1 + cos 6x
9. |cos® 6/sin0dH = |cos6(1 = sin2 §)(sin 6)~/2de 11. | cos? 3xdx = fdx
1 1.
= J[(Sin 0)Y/2 — (sin §)>2]cos 6 d6 =3 x+ésm6x +C
1 .
- %(sin 632 — %(sin 072 + C = (6x+sSn60) + C

13. fﬁnza - cofada = jl — 02032(1 . 1+ (;OSZa da

:%f(l—COSZZa)da

1 1+ cosda
—ZJ(l‘f)d“

= %f(l — cos4a) da

1 1 .
f§|:a—zS|I'I4a] + C

1 .
= @[4& —sin4a] + C
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15. Integration by parts.

dV=Sin2XdX=1_C052XI:| sn2x 1

X .
> v=5-"4 —Z(Zx—sm2x)

u=x O du=dx
. 1 . 1 .
fxsmzxdx=zx(2xf sin 2x) fZJ(ZXf sin 2x) dx

= %x(Zx —sin2x) — %(XZ + %cost) +C= %(Zx2 —2xsn2x — cos2x) + C

17. Letu = sinx, du = cosx dx.

/2 /2
f cos® xdx = J (1 — sin?x) cos x dx
0 0

. 1., w2 2
—|:S|nX*§SH X:|0 —5
19. Let u = sinx, du = cosx dx.

/2 /2 /2
j cos7xdx:f (1—sin2x)3cosxdx=f (1 — 3siMx + 3sin*x — sin® x) cos x dx
0 0 0

= [sinx— sin®x + §sin5x—lsin7x]ﬁ/2 _ 1
5 35

21. fsec(Sx) dx = %In|sec 3 +tan3x| + C 23. fwc“ 5xdx = f(l + tan? 5x) sec? 5x dx

1 tan® 5x
—5<tan5x+ 3 )+C

_ tan5x
15

(3 + tan?5x) + C
25. dv = sec? rx dx O v=7—17tan7-rx

U = Sec mx O du = 7 sec wxtan 7x dx

1 1
Jseéwxdx:;secmtanwx— fwthmzwxdx: ;semrxtanwx— fsem-rx(seczwx— 1) dx

1
2Jsec3 wxdx = ;(se(:ﬂ-xtan X + In|secwx + tan mx|) + C,

fsec%x dx = 2—177_(390 mx tanmx + In|sec #x + tan #x|) + C

27. Jtan5§dx=J<seczg— 1>tan3§dx 29. u = tanx, du = sec?x dx
B
:ftane’zseczzdx—ftane’%dx fse&xtanxdx— Stan?x+C

_ 45_< L) X
tan4 fse024 1tan4dx

= tan“% - 2tan2§1 - 4In‘cos§f‘ +C

67
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3
31. Jtanzxseczxdx= tar; Xic 33. fwc64xtan4xdx=%fsec54x(4sec4xtan4x) dx
_sec®4x
24
2 2 —
35. Letu = secx, du = sec x tan x dx. 37. tan” x x—fwdx
SEC X SEC X

fsecsxtanxdx=fsec2x(secxtanx)dx =j(secx—cosx)dx

:%%o?x+c = In|secx + tanx| — sinx + C
39 r= fsin“(wf)) do = %f[l — cos(2m0) 2 dé 41. y = Jtan3 3x sec 3x dx
= % f [1 — 2cos(2m6) + cos(2m76)] do = f (sec? 3x — 1)sec 3x tan 3x dx
+
= %I[l — 2c0s(2m0) + 1#5(4779)] do = %fsecz 3x(3 sec 3x tan 3x) dx — %J?)secfix tan 3x dx
=1[0—lsin(2m9)+Q+isin(47r0)]+C :lsef?3x—ésec3x+c
4 T 2 8w 9 3

— L (12760 - 8sin(2m6) + sin(4m)] + C
327

43. (a) y (b) ;—‘i = sin?x, (0, 0) 4
4 fsmzxdx—fl_zoszxdx -6 6
: % _ sm42x+ c —
- (o,o):o:c,y=% —S"llzx
. %’ = 3sinx, y(0) = 47. fsin:’uxcostdx = %f(sinSx + sinx) dx
= ﬁ\;;,::\:: = _71@ cos 5X + cosx) +C

i P AR P NETHE. Y
R

-1
B et s = E(cosSx + 5c0sx) + C

L T
R T

49, Jsin 0sin30do = %f(cosze— cos46) d 51. fcot32xdx = f(csc%x — 1)cot 2x dx
Y O O _ 1 a2 _ 1|2cos2x
= 2<29n 26 4sn40> +C 2fcoth( 2csc? 2x) dx 2f Sn 2x

=%(2$in29—sjn40)+c —1c0t22x—%ln|sin2x| +C

4

= zll(ln|csc2 2x| — cot?2x) + C
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2+
53. Letu = cot 6, du = —csc? 6 dé. 55. JCOttd*JCSCCStctldt

= 2
jcsc“odﬂ fcsc29(1+cot 0) do :f(csct_sim)dt
:fcmzed0+fcmzecot20d0 = Injcsct — cott| + cost + C

1
= —cot6—500t39+c

— qn2
57.f L dx:fcqszxdx:fl .sm de
Sec X tan x sinx sinx

= f((‘SCX— sin x) dx

= Injescx — cot x| + cosx + C
59. f(tan“t—sec4t)dt:f(tanzt—irseczt)(tanzt—seczt)dt (tan?t — sec?t = —1)

—f(tan2t+sec2t)dt:—f(ZSeczt—l)dt:—Ztant+t+C

T Ty /4 /4
61. f sinzxdx=2f%dx 63. f tan3xdx=f (sec?x — 1) tan x dx
- 0 0 0

T /4 /4
=[x—ésin2x] =7 =f seozxtanxdx—f Slr]de
2 0 0 o COSX

1 /4
= [ftanzx + In|cosx|]
2 0

1
==(1-1In2
51— 1n2)
65. Letu =1+ sint, du = cost dt. 67. Letu = sinx, du = cos x dx.
T/2 cost /2 /2 /2
j 7.dt=[ln|1+sjnt|] =In2 co§xdx=2j (1 — sin?x) cosx dx
0 1 + ant 0 —7/2 0

_ ol g 1.5 ]7%_4
—2[smx 3sm x]o =3

9. fcos“' dx——[6x+ 8snx + sin2x] + C

6

—

1
71. fsec5 mxdx = 47T{$03 7iX tan 7x + g[sec mx tan wx + In|sec 7x + tan wx|]} +C

R
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/4 /4
73. sec57rxtan7rxdx:isec57rx+c 75. sin205in30d0:1[sin0—lsin50] :3—‘/5
57 o 2 5 0 10

5

HAatiat
1

/2
. 1[3x . 1. /2 . . .
77. f sm“xdx:z[—— sin 2x + fsm4x] 79. (d) Save one sine factor and convert the remaining sine
0

2 8 0 factors to cosine. Then expand and integrate.
= 31’—767 (b) Save one cosine factor and convert the remaining
cosine factors to sine. Then expand and integrate.

(c) Make repeated use of the power reducing formulato
convert the integrand to odd powers of the cosine.

81. (&) Letu = tan3x,du = 3sec?3xdx. (b) 005
f%c“ 3xtan® 3x dx = J’s:ec2 3x tan® 3x sec? 3x dx -0 k\_j 05
= % f (tan? 3x + 1) tan® 3x(3 sec? 3x) dx o5

= % f (tan® 3x + tan® 3x)(3 sec? 3x)dx

_ tan®3x | tan*3x
T 18 12

+C;
Or let u = sec 3x, du = 3 sec 3x tan 3x dx.

fwc43xtan33xdx = fseé3xtan%xsec3xtan3xdx

= %fse& 3x(sec? 3x — 1)(3 sec 3x tan 3x) dx

_ sec®3x  sect 3x ‘c
18 12
sec®3x  sect 3x (1 +tan?3x)® (1 + ta? 3x)?
© —g 12 T¢° 18 12 +C
1 1 1 1 1 1 1
——— 6 + = 4 + = 2 4+ = - = 4 _ = 2 - = 4
18tan 3X 6tan 3X 6tan 3X 18 12tan 3X 6tan 3X P C
:tan53x+tan43x+<i_i> c
18 12 18 12
:tan63x+tan43x+ c
18 12 2
1
83. A= J sin3(7rx) dx y
0
_ fll— cos(27X) o T
0 2 N
X 1 . 1 ’
= [2 - 47Tsn(27-rx)]o | | )

N
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T T ™ 2
8. @ V=m snZxdx = = (1 — cos2x) dx:z[x—lsinZXJ =T
o 2 ), 2 2 o 2

(b)A=Jsinxdx=[—cosx} =1+1=2
0 0

Letu = x,dv=sinxdx,du = dx,v= —COSX.

)’(—1 Wxsinxdx—l[[—xcosx]er ﬁcosxdx]—1[—xcosx+sinx]w—ﬂ
Ao 2 0 0 2 o 2

vo L[4
y—ZAJ;smxdx y

=1J (1 — cos2x)dx
8 Jo

1 1 . T °
—é[x‘i“‘“”]o—g ‘ .

(%) = (127 187)

87. dv=sinxdx [0 v = —cosx

INEE

u=sn""1x OO du=(n— 1)sin""2xcosxdx

fsin"xdx = —sin""!xcosx + (n — 1)fsin”*2xcoszxdx
= —gn"ixcosx + (n — 1)fsin”—2x(1 — sin? x)dx
= —sn""1xcosx + (n — 1)fsin”‘2xdx —(n— 1)fsin”xdx

Therefore, anin"xdx = —sin"1xcosx + (n — 1)fsin"—2xdx

. —sn""1xcosx n—1(.
fsm”xdx= + . fsm“*zxdx.

n
N o , —cos™t1x
89. Letu=sin""1x,du= (n— 1)sin"2xcosxdx, dv= cos"xsinxdx,v = il
. —sin""1xcos™ix n-—-1 (.
cos"xsin"xdx = sin"~2x cos™* 2 x dx
m+1 m+1
—sin"1xcos™ix n-—-1 . .
= + sin"~2x cos™x(1 — sin?x)dx
m+1 m+1
—sinn~1xcos™1ix n-—-1 . n—1/{.
= + sin"~2xcos"x dx — — | sin" x cos™ x dx
m+1 m+1 m+1
m-+n . —sinn~1xcos™1ix n-—-1 (.
cos"xsin"x dx = sin"~2x cos™ x dx
m+1 m+1 m+1

—cos"tlxgnn—1 N n—1
m+n m+n

fcos‘“xsjn"xdx= fcosmxsjnnfzxdx
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i N4
91. f§n5xdx: _ SITXCoSX +ﬂfsin3xdx

5 5
_ _sin*xcosx N ﬂ[_sinzxcosx L2 sinxdx]
5 5 3 3

Ll _ A _8
5$m X COS X lSsm X COS X 15costrC

= —@[SSn“er 4sinx + 8]+ C

93JSGC427TX Jsec427rx277
| 5[ f2m) (20X | 2 [ of2mx\2
‘2w[3$°(5>ta”<5>+3f“(5> d]
_i 2@ 2mX 27X
‘ew[sec(5>ta”<5>+2t<5>]+c

_ 5 (27X 27X
“ar 5= (55 2 v
95. (a) f(t) = a, + a, cos 6t+b sin 6Where

1 12
aQy = EJ; f(t) dt

1 (% Tt
& =5 5 f(t)coszdt

12
b, = %L f(t)sin%t ot

ay = :;2(12)2 [30.9 + 4(32.2) + 2(41.1) + 4(53.7) + 2(64.6) + 4(74.0) + 2(78.2) + 4(77.0) + 2(71.0) +

4(60.1) + 2(47.1) + 4(35.7) + 30.9] ~ 55.46

12 ~ co! ™ ™ 21
+ + : + : -+ : =)+
a, = 6(3)(12) [30 9cos0 4(32 2cos— ) 2(41 1 cos 3) 4(53 7 cos 2) 2(64 6 cos 5 )

4(74.0 coss—g) + 2(78.2cos ) + 4(77 0 cos%) + 2<71 0 cos%r) +
37 117
4(60.1 cos?> + (47 1 cos;) + 4(35 7 cosT) + 30.9 cos 277] ~ —23.88

12 T I . 2w
b, = 6(3)(12)[3093m0 + 4<3225|n ) + 2(41.1sm 3> + 4<53.7sm 2) + 2(64.6sm 3 ) +

4(74.0 sin 5—5) +2(782sinm) + 4(77.0 sin %T) + 2(71.0 sin %77) +

4(60lsni;) + 2(4715m%7> + 4(357S|n%7> + 30.9sin 277-] ~ —-3.34

H(t) ~ 55.46 — 23.88 cos%t - 334 Sin%t

—CONTINUED—
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95. —CONTINUED—

(b) a, ~ %[1&0 + 4(17.7) + 2(25.8) + 4(36.1) + 2(45.4) + 4(55.2) + 2(59.9) + 4(59.4) + 2(53.1) +

4(43.2) + 2(34.3) + 4(24.2) + 18.0] ~ 39.34

12-0 T T T 2
a = 6(3)(12)[18'0 cosO0 + 4(17.7 cos 6) + 2(25.8 cos 3) + 4(36.1 cos 2) + 2(45.4 cos— ) +
57 T 477
4(55.2 cos€> + 2(59.9 cos 7) + 4(59.4 cos€> + 2(53.1 cos?) +
4(43.2 cos%”) + 2(34.3 cos%T) + 4(24.2 cos%”) +18 005277] ~ —20.78
12-0 . . . T . . 2T
~——=|18. + . -+ . -+ . -+ . —+
b, 6(3)(12)[1803”10 4<177sm 6) 2(2583m 3> 4<36lsm 2) 2(454sm 3 )
. 57 . . 1w . A
4(55.2 sm?> + 2(59.9sin7) + 4(59.4 Smf) + 2(53.1 sm?> +

4(43.2 Sin37277) + 2<34.35in5?77> + 4<24.2 Sih%) + 18sin 277] ~ —433

L(t) = 39.34 — 20.78 cos%t — 433 sin%t

(c) The difference between the maximum and minimum temperatures is greatest in the summer.

o7 f” l[sin(m + n)x N sin(m — n)x]” 0, (m=n)

cos(mx) cos(nx) dx = o e—

— -

fﬁ sin(mx) sin(nx) dx = %fﬂ [cos(m — n)x — cos(m + n)x] dx

-

1[sin(m —n)x _sin(m+ n)x]” _ 0, (m#n)

"2l m-n m+n |,

fw sin(mx) cos(nx) dx = %fﬂ [sin(fm + n)x + sin(m — n)x] dx

-

1[ cos(m + n)x  cos(m — n)x|™
:75[ m-+n + m-—n ]w,(m#n)
1 (cos(m+ n)7 , cos(m — n)=w cos(m + n)(—a) cos(m — n)(—x)
__§[< m+n | m-n >_< m+n + m-—n )]

= 0, since cos(— 6) = cosé.

Jﬁ sin(mx) cos(mx) dx = %%mx)]; =0

-
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Section 7.4  Trigonometric Substitution

1.%[4@@%\/M+c]=%[4ln]\/M—4\—4|n|x|+\/M+c]
:4[x/M]_4+ x
SHE+16—4] X @+ 16
4ax 4 X
TR T16-4 X e+ b
_ 42— 4/ +16(/ + 16 — 4) + (V¥ + 16 — 4)

X/ X2 + 16( /X2 + 16 — 4)
_ 2 — 402+ 16) + 165 + 16 + x2/X% + 16 — 42
X2 + 16( /X2 + 16 — 4)
_ @+ 1602 + 16) — 402 + 16)
X3¢ + 16(/52 + 16 — 4)
_ e+16)(/R+16-4) _J/R+16

X2 + 16(/>¢ + 16 — 4) X

2
Indefinite integral: j 7”‘:16 dx  Maiches (b)
d . X XJ/16 — X2 1/4 X(1/2)(16 — x3)~¥2(—2x) + /16 — x?
3. —|8arcsinS - ——>+C|=8 -

dx 4 2 /1 — (x/4)? 2

_ 8 N X2 V16—

16 —x2 2,16 — »2 2
16 X2 (16 —x3) X2

= + — =
2J16 — x2 216 — x2  2J16 — X2 16 — X2
Matches (a)
5. Letx =5sin6,dx = 5cos 6d, /25 — x2 = 5cos 6.

1 dx = 5cos 6
(25 — x?)3/2 (5 cos )2

1
—gJ'SECZHdG A
V25-x2

do

1
== +
25tan¢9 C

X

—————+C
25/25 — X2

7. Same substitution asin Exercise 5

f\/zs—xzdx JZScoszedezsjl—sinze
X

= Ssnd Sno d9=5f(cscefsn9)d0

—_ — y2
‘57 Vf5x + V2B -+ C

= 5[In|csc § — cot 6] + cosf] + C = 51In
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9. Letx=2sec 9, dx =2sec Otan Hdh, V/x2 — 4 = 2tan 6.

1 2 sec ftan 0 d6 y 2
dx = = |sec 6d6 = In|sec 6 + tand| + C, o4
/X2 — 4 f 2tan 6 f
A\
2 _ 2
S Y

=In‘x+\/x2—4‘ —In2+Cl=In‘x+\/x2—4‘ +C

11. Same substitution as in Exercise 9

ij\/x2 —4dx = f(8$€C3 0)(2 tan 0)(2 sec Htan 6) do = SZItanzesec“Gde

3 5
=32ftm29(1+tanze)seczed0=32<tan b, tn 0) +C

3 5

_32 s > ,Q(X2*4)3/2[ (X2*4)]
—15tan9[5+3tan0]+C—15 8 5+ 3 2 +C

— 08 — 920 + 302 = 4)] + C = L (2~ HYAIE + 8) + C

13. Letx =tan 0, dx = sec? 0d6, /1 + X2 = sec b.
V1+x2

fx\/l+ X2 dx = jtan()(sece)seczedO: se<;39+ C:%(l + X332 + C x
A\
Note: Thisintegral could have been evaluated with the Power Rule. 1
15. Same substitution as in Exercise 13
1 1
S Y [ =
j (1+x)2 (V1T+x) o
_ [sec?0do X
sec 0 A

= jcos2 0d6=%J(1 + cos 26) do

:1[0+ sinze]
2 2

_1

2[6+ snfcosf] + C

1 X 1
= 2[arctanx + ( 11 X2>< T xzﬂ +C

1 X
—E[arctanx+ 1+X2] + C

17. Letu=3x,a = 2,anddu = 3dx.

j\/4 + 9x?dx = %J’\/(z)2 + (3x)2 3 dx
_ %(%)(ym +ainfax+ VAT o)) + C

= %x\/4 Tl + %In’:%x + VA+9e +C
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1 (X
J \/sz f (2 + 9)"1/2(2x) dx 21. f ﬁ dx = arcsm(z) +C
=/+9+C
(Power Rule)

23. Letx = 2sin,dx = 2cos Hdh, V4 — x2 = 2 cos 6.
f\/16— A2 dx = ZJ’\/A— X2 dx

:2f2c030(2m56d0) <

4-x2

= Sfcoszedé)

= 4[(1 + cos 26) do

=4[0+%Sin29] +C

=40+ 4snfhcosf + C

—4arcsn( )+x‘/ 4—-x2+C

25. Let x = 3sec 6, dx = 3 sec ftan 0 d6, 27. Letx =sin §,dx = cos A dh, /1 — x2 = cos 6.
=9 =3tane. f\/l — x2 Jcose(cosedo)
X4

sin* 6
3sec ftan 0 dO

1
7dx=j7
J¢X2—9 Sten 6 fcot29csc20d0

:fsecede

=In|sec0+tan0|+C (1 - 2

R Y A

1 3
-= +
3cot 6+ C

In

3

=In‘x+m‘+c 1

29. Same substitutions as in Exercise 28

f 1 d _f (3/2) sec? 9 do
xJa2+9  J(3/2tan03secH

VA2 + 9+
1@%%0

1 1
== = = + +C=-=
Sfcxedo 3In|csc0 cot 6| + C 3I
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31 Letx = /5tan 6, dx = /5sec? 9df, X2 + 5 = 5sec? 6.

—Bx i = -5./5tan 6
(@ + 5)3/2 (5 sec? )%/2

=f\/§fmd9

sec 6

VB sec? 0do

—\/Efsinada

J5cos6+ C

_ V5
_\@\/x2+5Jrc

S5 .

VX2 +5

33. Letu =1+ e du = 2e®dx

f SVIT Fk =3 f (1+ 92267 dx = S(1 + )92 + C

35. Let e =sin g, e<dx = cosfdg, /1 — e* = cosé.

fex\/l —eXdx = fcoszado

= 1f(l + cos26) do
2 A

:;[Msjnze] 1- e
2 2

_1

2(0+ sinfcos6) + C =1(arcsine><+ e/1—e)+C

2

37. Letx = J2tan 6, dx = /2sec20do, X2 + 2 = 2 sec? 6.

1 dx = 1 dx
4+ 42+ x4 (x® + 2)?

_ V2 sec20do
4 sec* 6

=§f00320d9

= %(%)J'(l + cos26)do

ﬁ( 1. >
="+ = +
8 0 2sm2(9 C

= §(0+ sinfcos ) + C

=L x +iarctani+c
4+2 /2 V2
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30. Sincex>1,
2
u = arcsec 2x, [J du=#dxdv=de V=X
' X2 -1
1
arcsec 2x dx = X arcseCc 2X — [ ———=dx
f J\/4x271

2x=sec0,dx=%sec(9tan0d6, V42 —1=tan6

farcsechdx: X arcsec 2x — f(l/Z)secOtanGdo = xarcsech—%jsecodO

tan 6

= X arcsec 2x — %In|sec¢9+ tang| + C = xarcsech—%ln‘2x+ Va2 — 1‘ + C.

1 1 L (X—2
41, |———dx = 7dx=arcsm< >+C
f\/4xf X2 f\/4 - (x— 272 2

43. Letx + 2 =2tan §,dx = 2sec? 0 df, /(X + 2)2 + 4 = 2 sec 6.
_[(2tan 6 — 2)(2 sec? 0) do

X X
ax = dx
j\/x2+4x+8 f\/(x+2)2+4 2sec o

:ZJ(tanH—l)(sece)dO

= 2[sec 6 — In|sec 6 + tan 0|] + C,

JXT 2274 JXT 2274
:2[ (x+22) +47|n‘ (x+22) +4+x;2‘ re,

=\/x2+4x+8—2[In‘\/x2+4x+8+(x+2)‘ -2l +c
:\/x2+4x+8—2In’\/x2+4x+8+(x+2)’+C

45, Lett =sing, dt = cosdh, 1 — t2 = cos? 6.

t2 sin2 6 cos  dé
@ j(l — 932 o= f cos® 6

=ftan26d6
e
1-t2
:f(wcze—l)de
=tanhd—6+C
t .
= —arcsint + C
1-1t2
G t N ECNCYY. W3 g
ThUS,fO (l — t2)3/2dt = \/1 — — arcsth = \/TW — arcsnT = 3 - §~ 0.685.

(b) Whent =0, 8 = 0. Whent = /3/2, § = 7/3. Thus,

V3/2 t2 /3 f T
JO mdt—[tan@—@]o = 3—§~0.685.
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47. (@) Letx = 3tan 6, dx = 3sec?0dh, /x> + 9 = 3 sech.

_[(27 tan® 0)(3 sec? 0 db)
B 3sec o

XB
X
f\/xz +9

= 27[(59029— 1) sec 9 tan 6 do

=27[%9ec30739co9}+C=9[sec367339c¢9]+c

A A5

3
Thus, ;(xz +9)%2 — 9 /%2 + 9]0

3 X3
fo\/x2+9dxz[3
( (54f)—27f> (9 - 27)

=18-9./2=9(2- /2) = 5272
(b) Whenx = 0,0 = 0. Whenx = 3, § = w/4. Thus,

3 X3
[ o
o VX + 9

49. (@) Letx =3sech, dx = 3secHtan 0dY, Vx> — 9 = 3tan 0.

CcC= %(x2 +9%2 -9/ +9+C

- 9[330 ~ 3sec 0]2/4 =922 -3/2) - 91 -3) =92~ /2) ~5272

2 2
f X;‘_ fgsec 9 3 sec otan 0.do
:gfwﬁede e

=9%sec€tan0+%fsec0d9] (7.3 Exercise 90)
9
=§[sec0tan0+ln|$ce+tan9|]
9l x X2 —9 X X -9
23 3 TNzt 3 ”
Hence,
6
9 x/x2 — 9 X X2 —9
——+Inz+ ——
f\/ 2[ 9 3 3 ]4
:zKGfgzn.n\z ) (Sl m

—9/3-2/7+ 9<In<6 ha ﬁ) - In<4 ha ﬁ))
2 3 3
—gﬂ—2f+f| <6+3f{>

=9/3-2/7+ 2In<(4 ~ V)2 + ‘/§)> ~ 12.644.

3

—CONTINUED—

3
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49. —CONTINUED—

(b) Whenx =4, 6= arcsec(%).

When x = 6, § = arcsec(2) = g

9 /3
= f[sec 6tan 6 + In|sec 6 + tan 0@

6 X2

[

4 V/X2—9 2
_9 94v7 14 VT
=2- Va+in2+ /3] 2[3 3 +In‘3+ 3”

arcsec(4/3)

9 (6+3V3
=9/3-2J/7+ >In—2 ) = 12.644
V3 V7 2 <4+ﬁ>

2
51, indx=1\/ 2+ 10x + 9(x — 15) + 33In|(x + 5) + A& + 10x + 9| + C
I +10x+ 9 2

X2 1 .
53, | —/——=dx=Z(xVY%% -1+ Inx+ V¥ —1|) + C 55. u=asno b) u=atano ) u=asech
fr_l >(xv x+ = 1) (@ (b) ©

a
57. A=4j g\/a2—x2dx y
0
a
:ibjmdx -
a Jo p

= [ibG)(az arcsin> + xﬂ)] \ ’
a\2 a 0 \__b-’

_2 27l>>

a a(a(z

= qab

Note: See Theorem 7.2 for [/a? — x? dx.

59. X2 + y? = a?

X=+ /@y

a E
A= Zf Ja? — y?dy = [az arcsjn(%) +yJa — yz] (Theorem 7.2)
h h
= (azg) - (a2 arcsin<£> + h\/W)
a2 . (h
=5 —aacsin_ - hJa? -
61. Letx — 3 =s8ng,dx = cosHd, /1 — (x — 3)2 = cos 6. y
Shell Method: P
4 14
V= 477J xv/I = (x — 3)2dx N
2 t } X
= 477[ (3 + sin )cos? 6 do
—a/2 27

3 /2 /2
47{[ (1 + cos26) do + f cos? g sin Gde}

2 —m/2 —m/2

3 1. 1 /2

= + = _ = — 2
477[2(9 2sm 20> 3c0§ 0]777/2 6
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X2+ 1

63.y=|nx,y’=%,1+(y/)2=1+;12: 2

Letx = tan 6, dx = sec?20df, V/x2 + 1 = sec f.
f x2+1 f5\/x2+1
s= de

SECB

tan0

f(csc0+secotan0) de

= | —In|csc 6 + cot 6] + sec()]

= “/XT ‘+\/)(ZT:|

b

a

:7 <‘ﬁ+1>+f] [~In(v2 + 1) + /2]

_ (f+1)} ~ [f ] B
—|n{\/%+ + V26 — V/2~4367 or In (2~ )+f J2

65. Length of one arch of sine curve: y = sinx, y’ = cosX

L, = f V1 + cos? xdx
0

Length of one arch of cosine curve: y = cosx,y’ = —sinx

= J 1 + sin?xdx
—1/2
/2 - -
f ,/1+cos2<x——)dx U=X——,du=dx
— 2 2

0
f V1 + cos?udu

= f V1+ cos?udu=L,
0

67. (& 60 (b) y = 0forx = 200 (range)

) /\ )

-10

(©) y=x—0.005x%3,y" =1 — 0.01x,1 + (y)?> =1+ (1 — 0.01x)2
Letu=1- 0.01x,du = —0.01dx,a = 1. (See Theorem 7.2.)

200 200
s= J J1+ (1 - 0012 dx = —1ooJ J(1 = 001x2 + 1(—0.01) dx
(0] 0

—50[(1—001X)W+In‘1—001x)+W‘]200
= —50[(—v2 + In|~1+ V2|) = (V2 + In|1 + /2|)

J2+1
J2-1

100/2 + 50 |n< ) ~ 229.559
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69. Letx = 3tan 6, dx = 3sec2 6 dh, /X2 + 9 = 3 sec 6.
4 4 b
Azzfidngfi:(af M
o VX +9 o VX2 +9 . 3sech

S+t
nf =6In3
0

b b
=6fsec¢9d0= [6In|sec0+tan0|] :[6I
a a

X = 0 (by symmetry)

~ 1<1>f4< 3\
y=35)] (———=]
2\A _aA\UX2+9
4
__9 de
12In3)_,x+9

4 } :
[1arctanx] -4 -2

B N N )

3
~ 4In3 34
2

= 2In3 3~0422

(X y) :< 2|n3arctan ) (0, 0.422)

71y = X, y’ = 2X, 1+ (y)=1+4x?
2X = tan H,dx:%seczedf), V1+ 4x2 = sec o

(For fsec50d0 and [sec® 6 do, see Exercise 80 in Section 7.3)

S=2x x2\/1 + 4x2 dx = wa (tan?0> (sec 6)(%9&:29) do

0

b
—Zfse@@tanzede—ZUsecSOdG—fwéede}

b
= Z{‘ll[secﬁﬂtan(9vL g(sec ftan 6 + In|sec 6 + tan 0|)] - %(sec ftan 6 + In|sec 0 + tan 0|)H
a

=7 [i[(l + 4x?)3/2(2x)] — [(1 + 4x2)V2(2x) + |n‘ JIT 58 + ZX‘ ]

R U]

= Z(Slf nf3 +82f)> 1022~ In(3 + 2/2) ~ 13.989

73. (a) Areaof representative rectangle: 2/1 — y? Ay
Pressure: 2(62.4)(3 — y)~/1 — y2 Ay

1
F= 124.8f (B3—y)V1—-y?dy
-1

_ 124.8[3+ fjlﬂ dy — fly Ay dy} . \V ;
_ 1248[3(arcs|ny+ YW=V + < ) yz)mL

= (62.4)3[arcsin 1 — arcsin(—1)] = 187.2x b

1 1 1
(b) F= 124.8f d—y)J/1—-y?dy= 124.8df V1-y?dy - 124.8f yV1 —y?dy
-1 -1 -1

1
= 124.8(%)[arcsiny +yJ1 - yz] — 124.8(0) = 62.47d b
-1



Section 7.4  Trigonometric Substitution

83

dy _y—(y+ V144 — )
dx

75. (8 m= Y (oy+via—dd)

x—0
_ Y- x
X
— Y2
®) yz_fiwmxxdx
12
Letx = 12sin 6§, dx = 12 cos 6 dh, /144 — x2 = 12 cos 6. x
12 cos 6 1—sin?6 )
y——fmﬂcosede——ﬂjwd@ 144 — 2
=flzf(cscofsjne)%:712In|cscefcot6|712cose+C 30
— 2 — 2
:—12|n‘3— 144 — —12( 144 X>+c
X 12
—_ — 2 0 12
:—12In‘w - V=2 +C 0

— — Y2
Whenx = 12,y = 0 [J C=O.Thusy=—12ln<12i44x>— 144 — 2.

— — 2
Note: 12# > 0for0 < x < 12

(c) Vertical asymptote: x = 0
@) y+ Vi —¢=120 y=12— /14—
Thus,

— — 2
12 - 144—x2——12ln<12)]('44x>— 144 — 2
— — 2
_1:|n<12 i44 x)

xel=12 — /144 — X2

(xe™ — 12)2 = (— /144 — @)
X2e™2 — 24xe ! + 144 = 144 — x?
X(e 2+ 1) —24xe1=0
X[x(e 2+ 1) —24e 1] =0

24e1
x=0o0rx= m =~ 7.77665.

Therefore,

— 2 2 2 — 2
S_f \/1+< X)dx—f /x +(144 x)
7.77665 7.77665

12
= f 1—zdx = [12 In|x|] = 12(In 12 — In 7.77665) ~ 5.2 meters.
7.77665 X 7665
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77. True

cos6do _ jd()
cos 6

Jat-]

8l. Letu=asinf, du= acosfdg, /a2 — u? = acosé.

+
f\/az— uwdu = fa2c0320d6= azjw

a2

2 2

2

Letu=asec, du = asecftan df, VU2 — a2 = atan 6.

a

a2 . u u\f Va2 + u?
=—|acsin— + = || V/———
[ a (a)(

79. Fase

/3 dx
fo (</1+x2)3_ 0 sec® 6

2
—<0+15in20> + C=%(0+sinecos(9) +C

)] +C= %[azarcsing + uva? — uz] +C

j\/u2 —a%du = fatan O(asec ftan 6) do = azftanzesecede

=a2f(se@0—l)sec0d9=a2f(sec30—secH)df)

= az[;secetaneJr;JsechO] - azfsecedezaz[lsecetane—%ln|sece+tan0|]

_@fu FmE |
2la a a

= 1[u W—a—alnju+ Ju&—af]+ C

2

Letu=atan §,du = asec? 9do, VU2 + a2 = asec 4 do.

j\/u2 + a?du = j(asec 0)(asec? 0) do

2

=

= azf%éodezaz[lsecetan6+%ln|sec0+tan6|] + C;

2

2 a

Section 7.5 Partial Fractions
L, 5 _ 5 _A, B
"x2—-10x x(x—10) x x-— 10
5 16x 16x _é+5+ C
"X —10x2 x2x—10) x x2 x-10

2 2 + a2 /U + a2
=a[H-:+In‘T+:}+C1=;[u @+ a+alnu+ J®+a?+C

3.

7

2x—-3 -3 _ A Bx+C
x¥+10x x(x2+10) x x2+ 10
1 1 A

B

. = = +
x2-1 (x+1Dx—-1) x+1 x-1

1=AKx—-1)+B(x+1)

Whenx = —1,1= —2A A= —3.
Whenx =1,1= 2B,B = 3.

1 1 1
fxz—ldx_iiforlder

1 1
=—ZInx+ 1 +SInjx — 1] +
2In|x 1| 2In|x 1 +cC

-1,
2

x—1
X+ 1

+c

1

2

J

1

X —

1

/3 2 /3
EC OdOZJ cos 6do
0]

dx
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B 11 5—-x _ 5—-x _ A n B
224+ x—-1 (X—-Dx+1) 2x—-1 x+1

5—-x=Ax+1)+B2x-1

9 3 _ 3 _ A n
X2+ x—-2 (X—-1Dx+2 x—1 x+2

3=(x+2) +B(x—1)

Whenx=1,3=3AA= 1. Whenx=%,%
Whenx = —-2,3= -3B,B= —1.

3
5AA =3
Whenx = —-1,6= —-3B, B= —2.

3 1 1
jx2+x—2dx_fx—ldx_fx+2dx _
_ 57X -3 1 oax— 2|1 ax
22+x—1 " ") 2x-1 X

=Inx—1] —Injx+ 2| + C +1

x—1 = Sinf2x— 1] - 2mnx+ 1 + €

X+ 2

=In ‘+C

13 X*+12x+12 _A B . C
"xx+2)x—2 x x+2 x—2

X2+ 12x + 12 = A(X + 2)(x — 2) + Bx(x — 2) + Cx(x + 2)
Whenx =0,12 = —4A,A= —3.Whenx = —2,-8=8B,B= —1. Whenx=2,40=8C,C = 5.

X2+ 12x + 12 1 1 1
fwdx fSJX_ZdX—fX+2dX—3J;dX

=5Inx—2| = Injx + 2| = 3In|x| + C

2x3f4x2715x+5:2X+ X+ 5 — ot A + B
' X2 —-2x—8 x—4x+ 2 X—4 x+2

15

X+5=AX+2) + Bx— 4

Whenx = 4,9=6A A=3 Whenx= —2,3= —6B,B= —3.

2¢ — 4x2— 15x+5 32 12
X2 —2x—8 dX_J[2X+x—4 x+ 2| &

3 1
=x2+ -4 - = + 2| +
X 2In|x 4 2In|x 2l +C

;g XPt2x-1_A B C
TOX3x+ 1) X X2 x+1

4x%2 4+ 2x — 1= Ax(x+ 1) + B(x + 1) + Cx?
Whenx=0,B= —1.Whenx=—-1,C=1Whenx=1 A= 3.

2+ —
S S VG - dx=3|n|x|+1+|n|x+1|+C
x3 + x2 X X2 x+1 X

:§+In|x4+x3|+c

19 x2+3x—4_x2+3x—4_éJr B C
X3 — 4x2 + 4x X(x — 2)2 X (x—2 (x—22
X2+ 3x— 4 =AX— 22+ Bx(x — 2) + Cx
Whenx=0,-4=—-4A 0 A= -1 Whenx=2,6=2C [0 C=3Whenx=10=-1-B+3 0 B=2

X +3x—4 -1 2 3
fx3—4x2+4xdx_deX+f(x—2)dX+f(x—2)2dx
= —In|x| + 2In|x — 2| —L+C
x—=2)
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x2-1 A Bx+C

L=
2 X(x2+1) x x2+1

x2—1=AKx?>+1) + (Bx+ Ox

Whenx=0,A= —1.When x=1,0=-2+B+ C.Whenx=-1,0=-2+B+ C.
Solving these equationswe have A= —1,B=2,C = 0.

x2—1 1 2X
fxuxdx—*f;d”fmdx

=Inx2+ 1 —In|x| + C

x2+1
=In

|+ c

x? A B Cx+ D
X4—2x2—-8 x—2 x+2 x2+4+2

X2=AX+2(x2+2) +Bx—2)(x2+ 2) + (Cx+ D)(x + 2)(x — 2)

When x = 2,4 = 24A.Whenx = —2,4 = —24B. Whenx = 0,0 = 4A — 4B — 4D, and when x = 1,
1= 9A — 3B — 3C — 3D. Solving these equationswe have A = ¢,B = —2,C = 0,D = 1.

x2 1 1 1 1
jx4—2x2—8dx_G[JX—ZdX_jx+2dX+2fx2+2dX}

1, [x—2
_G[Inx+2‘+farctanﬁ]+c

X A B Cx+ D

25. = + +
2x—D2x+ 1)4x2+1) 2x—-1 2x+1 4x%2+1

Xx=A2x+ 1)4x?>+ 1) +B2x— 14>+ 1)+ (Cx+D)(2x— D(x+ 1)

23.

Whenx = 3,3 = 4A.Whenx = —3, —3 = —4B.Whenx = 0,0 = A — B — D, andwhenx = 1,
1= 15A + 5B + 3C + 3D. Solving these equationswe have A=, B=3%,C= —3,D = 0.
f16x4—1 [2x—1 * 2x11dX4f4x2X+1dx]
- g e
o7 x2+5 A Bx + C

X+ 1Dx2—2x+ 3 x+1+x2—2x+3
X2+ 5=AxX2—-2x+3) + (Bx+ C)(x + 1)
=(A+Bx2+ (-2A+B+ C)x+ (3BA+ C)

When x = —1, A = 1. By equating coefficients of like terms, wehave A+ B =1, —2A + B + C = 0,
3A + C = 5. Solving these equationswe have A= 1,B=0,C = 2.

x2+5 1 1
W= | ——d&+ 2| ———
fx3fx2+x+3dx fx+1dx 2f(xfl)erZdX

x—1
=In|x + 1| + 2arctan(7>+c
e+ 1] + V2 7
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3 A B

29. (2x + 1)(x+2):2x+1+x+2

3=AX+2) + B(2x + 1)
Whenx = —3,A=2.Whenx= —-2,B= —1.

1 1 1
3 2 1
J;2x2+5x+2dx_L2x+1dx Lx+2OIX
- [In|2x— 1~ Infx + 2|]
=1In2

1
0

x+1 A Bx+C

S =—+
Xx2+1) x x2+1

X+ 1=AX2+1) + (Bx+ C)x

Whenx = 0,A= 1. Whenx=12=2A+ B+ C.Whenx = —1,0 = 2A + B — C. Solving these
equationswehave A= 1,B= —-1,C= 1.

2 2 2 2
Xx+1 1 X 1
- = — = _ + - -
Lx(szrl)dx Lxdx £x2+1dx £x2+1dx

2

= [In|x| - %In(x2 + 1) + arctan x]
1

1.8 =
—Elng—z+arctan2
=~ 0.557
3x dx 9 X2+ X+ 2 V2 X 1
= -3 -——=+ | s dx = == — -+
33 fx2—6x+9 3injx — 3| —3tC 35 X2+ 27 dx Zarctanﬁ 202 1 2) C
(4,0 3Mn4—3 — -2 +Cc=00C=9 ©01:0-t+rc=10cC=>
* 4-3 ’ 4 4

30 3

Uy =

-If(410)
-10 -1
2 _ 20
37. de:ln|x—2|+lln|x2+x+l|—\@arctan<2X+1>+C
x3—x2—-x—2 2 V3 ] @
H_\_\_\\f.,—'—'—'_
1 7 1 7
3,10: 0+ =In13 - /3arctan—= + C =100 C= 10 — =In13 + /3arctan— 2 6
310 2 V3 V3 2 V3 V3 -
1 1, [x—2
Sg'Jx2—4dX_Z|nx+2‘+C 10

(6,4):4iln‘g‘+C=4D C=471In%=4+%ln2 "6, 4)

4 -10 10
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41. Letu = cosx du = sinx dx.

1 _A, B
uu—1 u u-—-1

1=Alu—1) +Bu

Whenu=0,A=—-1.Whenu=1B=1,u=cosx,
du = —sinxdx.

1P SR (R
cosx(cosx — 1) uu — 1)

1 1
_JGdU_Ju—ldu

=Inju —Inju—-1+C

u
—Inu_l‘+c
:mﬂ]m
cosx — 1
45, Letu = €, du = e*dx.
1 A B
uU-—2Du+4) u—1 u-+4

1=Alu+4) +Bu-1

Whenu=1,A=1 Whenu= -4,B= - u=¢e
du = e*dx.

I
E-0e+0%  Ju-Du+a™

1 1 1
5<fu1du_fu+4du>

1 (u—1
_glnu+4‘+c
1 |ee—1
_ElneX+4‘+C
X A B
Y @iz atbx ' (at bx?
x=A@+bx) +B
Whenx = —a/b,B = —a/b.
Whenx=0,0=aA+B 0 A=1/b.
X B 1/b —a/b)
f(a+bx)2dx_f<a+bx+(a+bx)2 o

-1 1 dx—g ;dx
" bJa+bx b | (a + bx)?

1 a 1
—@In|a+ bx| +@<a+bx>+c

1 a
= @<a+ x Inja + bx|> +C

3 cosx 1
43 fsin2x+sinx—2dx_3fu2+u—2du

u—1
u+2

=In ‘+C

—1+ sinx
=Inf————F—
2 + sinx

(From Exercise 9 withu = sinx, du = cosx dx)

1 _A, B
x@+bx) x a-+bx

47.

1= A(a+ bx) + Bx

Whenx =0,1=aA0 A=1/a
Whenx = —a/b, 1= —(a/b)B] B = —b/a.

;dx—; (1— b >dx
x@+bx) ~  aJ\x a+bx

= i(ln|x| —1Inla+bx|) + C

1 X
_Elna+bx‘+c
dy 6
51 =42 Y0 =3

-2
et S
i o

-4
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53. Dividing x® by x — 5. 55. (a) Substitution: u = x>+ 2x — 8
(b) Partial fractions

(c) Trigonometric substitution (tan) or inverse tangent rule

8 124p

80 — 75),5 (10 + p)(100 — p)

1 80( —124 1240 )
== + dp
5),5 \(10 + p)11 ' (100 — p)11

57. Average Cost = dp

1 —-124 1240 &
= 5[711 In(10 + p) — ETH In(100 — p)]75
1
~ £(2451) = 49

Approximately $490,000.

3
10
5. A—Lde’vs

Matches (c)

1 A B 1
i = + =B =
61 x+1Dn—-x x+1 n—x’A B n+1
1 (1 - )dx:kt+c
n+1)J\x+1 n-—x
1 X+ 1
=kt +
n+1|nn7x‘ kt+C
Whent=0,x=0,C = L Inl.
n+1 n
+
SRSl A
n+1 |n—x n+1 n
1 x+1 1
n+1[|n 7X—Inn]—kt
+
Inu=(n+l)kt
n—x
M:e(nJrl)kt
n—x

n[e(n+1)kt _ 1] o
X="gnioa Note lim x=n
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X Ax+ B Cx+D
Tl R4+ 2x+1 - 2x+1

x=(Ax+ B)(x - /2x+ 1) + (Cx + D)(x® + /2x + 1)
=A+0Oe+(B+D~- V2A+ /20 + (A+C— /2B + /2D)x + (B + D)
0=A+C0O C=-A
0=B+D-JV2A+ J/2C | -2/2A=00 A=0adC=0

1=A+C— J/2B+ 2D | —2/2B=1 1 B=—§andD=§

63

0=B+D 0O D=-B
Thus,

jl X dx—fl{ —V2/4 + /2/4 }dx

ol + x4 o[+ V2x+1 - /2x+1

_ V27 -1 1
4 ﬂ[x+ (V2/2F+ W2 [x- (V2/2F + (1/2)] o

J2 1 [_arctan<x + (ﬁ/z)) N arctan<x - (ﬁ/z)ﬂl

412 12 1/2

[farctan(ﬂx + 1) + arctan( /2 x — 1)]
[

0
(—arctan(/2 + 1) + arctan(/2 — 1)) — (—arctan 1 + arctan(— 1)]

= %[arctan(ﬁ — 1) — arctan(/2 + 1) + 77: + ﬂ

Since arctan x — arctany = arctan[(x — y)/(1 + xy)], we have:

fl x dle[arctan<<¢z-1)—wz+1>>+w]zl[ ol 2)+ 3] -3 -T+7] -

ol+x* 2 1+(V2-1)(v2+1)) " 2] 2 2) " 2

Section 7.6  Integration by Tables and Other Integration Techniques

X2
1+ X

1. By Formula6: J dx = —g(z —x)+Inl+ x| +C

3. By Formula 26: Jexx/l + eXdx = %[exx/e2x +1+Injex+ JeX+ 1]+ cC

u=eXdu=edx

1 V1 — %2
5. By Formula44: | —F—=dx = —
y fx%/l — X2 X

+C
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7. By Formulas 50 and 48: f sin%(2x) dx = E f sin%(2x)(2) dx

2
- ;[W + 2 f Sin?(21)(2) dx]
_l-snf@9cos29 3,
_ 2[ ) + 5(@x - sin2x cosZX)] +C

= 1—16(6x— 3sin2xcos2x — 2sin®2xcos2x) + C

1 1 1
9. By Formula57; |—=———=dx=2[————(-"=]d
y Formuia f\/i(lcos\/i) X Jlfcos\/;(<2\/>7<> X
= —2(cot /x + csc /x) + C

1
u= VX du=—=dx
VX 2./%

11. By Formula 84: 13. By Formula 89:

1 dx:x—lln(1+ezx)+c x3lnxdx:x—4(4ln|x|—1)+C
1+ e 2 16

15. (a) By Formulas 83 and 82: szex dx = x%e* — ZJ'xeX dx

= x%* — 2[(x — )ex + C,]
= X% — 2xe* + 2e* + C
(b) Integration by parts: u = x2, du = 2xdx, dv = e*dx, v = €&

fxzexdx: X2 — f2xexdx
Partsagain: u = 2x,du = 2dx, dv = eXdx,v = &

ijex dx = x%* — [2xex - JZede] = x2%* — 2xe* + 2+ C

17. (@) By Formula: 12,a=b = 1,u = x, and (b) Partial fractions:
X2(x + 1) 1\x 1 j1+x XA(x+1) x x2 x+1
1 1=Ax(x+ 1) +B(x+ 1) + Cx2
-S| +c
X 1+x x=01=8B
B SR e PN
X x=11=2A+2+10 A= -1

#dx: [;1+l+ ! ]dx
X3x + 1) X X2 x+1

—In|x| — % +Injx+ 1] + C

1
~Z—1n
X

X
X+ 1

+c



92  Chapter 7 Integration Techniques, L'Hépital’s Rule, and Improper Integrals
19. By Formula 81: J xe’ = %exz +C

21.

23.

27.

29.

33.

35.

37.

39.

By Formula 79: Jx arcsec(x? + 1) dx = % f arcsec(x? + 1)(2x) dx

= %[(x2 + 1) arcsec(x? + 1) — In((x2 + 1) + m)] ‘ic

u=x2+ 1 du=2xdx

3
By Formula 89: J'lenxdx = X3(—1 +3In|x|) + C

2x X 2
By Formula 4: fm dx = ZJW dx = §<In|1 - 3X|

By Formula 76:
fex arccose*dx = e*arccose* — /1 — e+ C

u=e,du=edx

COS X

— 5o dx= inx) +
lJrstXdx arctan(sinx) + C

By Formula 23: f

u = sinx, du = cos x dx

, cos 6 _J2 1+sing
By Formula 14: f3+23in9+sin20d0_ > arctan<7\/é >+C
u=sn6,du=cos6ode
By Formula 35: j ; f dx
’ X2/2 + 9X2 (3X)2 + (3)( 2
2
_ @ e
2
ST

By Formulas 54 and 55:
ft%ostdt =t3sint — SJtzsintdt
=t3sint — S[t2 cost + th costdt]

=t3s8int + 3t2cost — 6{tsint - fsintdt}

=t3sint + 3t2cost — 6tsint — 6cost + C

+

1

1-3x

J

25. By Formula 35:

)+c

31. By Formula 73:

X

1 — secx?

2 _
X 4+C

1
fXZ«/XZ — 4dX B 4x

dx =

1

2X
7J‘1— secxzdx

1
= =(x2 + cotx2 + cscx?) + C

2
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Inx

41. By Formula 3: fm

dx = %(2In|x| — 3|3+ 2In||x|) + C

u=Inx,du =1dx
X

43. By Formulas 1, 25, and 33: f(xz X o 2x-0%08

ox+ 102X 7 2| @ — 6x + 102

= %J(XZ — 6x + 10)72(2x — 6) dx + 3Jm dx

1 3 x—3
= _2(x2—6x+10)+§[x2—6x+10+ar°ta”(x_3)}+c
3x — 10 3

=m+§arctan(x—3)+c

X 1 2X
45, By Formula3l: |—F—————dx = |—F————dX
y f x*—6x2+ 5 ZJ (x2—32 -4

=%In|x2—3+ Vx4 —6x2+ 5|+ C

u=x2-3,du= 2xdx

X3 ~ [8sin®6(2 cos 6 db)
47.f ﬁ_dex— T ocose i

=8f(1—co§9)sin0d0 A
= 8f[gn0 — cos? f(sin )] do

8 cos ¢
7_1'_

= — +
8cos 6 3 C
— A — w2
=#(x2+8)+c

X=2sn6, dx=2cosOdf, V4 — x2=2cos6

] e3x _ (ex)Z
49. By Formula 8: J(l e dx = f(l " eX)3(e><) dx

_ 2 1
1+e¢ 21+ e9?

+Injl+e|+C

u=eXdu=e<dx

51 u? :l_(Za/b)u+(a2/b2):l+ A N B
" (a4 buZ  b? (a + bu)? b2 a+bu (a+ bu)?
2
—%au—%:A(a+bu)+B:(aA+B)+bAu

Equating the coefficients of like terms we have aA + B = —a?/b? and bA = —2a/b. Solving these equations
we have A = —2a/b? and B = a2/b2

u? 1 2a(1 1 az(1 1 1 2a a2 1
j(a+ bu)zdu_gjdu_§<6>fa+ bubdu+@<5>f(a+ bu)zbdu —@u—gln|a+ bul _@<a+ bu) +C

= i(bu L 2aln|a + bu|) +C
b3 a+ bu
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53. When we have U2 + a%

u=atané
du = asec? 0do
w+ a?=a’sec?
1 du = asec? 6do
WP+ @72V " | @ecy
=%Jcosed0
=7§n0+C
a
u
—————1C
a2/ + &
1( 2u
55. f(arctanu)du—uarctanu—iflJruzdu

1
uarctanu — Eln(l + u?)

w = arctan u, dv = du, dw = du ,V=1u
1+ u
1 —-2J/1—x
57. dx = +C
fx3/2 1-x UX
G5>:5AQ+C=5DC=7
2 J1/2
—-2J1—Xx
="k T
1

-

m:%wﬂ&—$+

(X2 — 6x + 10)2 2

1 o _ _
(3,0): 2[0+10]+C70D C=0
| DY _ x=3
y= z[tan =3+ X2 — 6X + 10}

1
| =————do = — +
61 fsmetanede cscd+ C
T 2
— 2 ——=+C=20C=2+ V2
(4> J2 V2

y=—-csch+2+ /2

+C

uarctanu — In/1+ U2 + C

When we have u?2 — a%
u=asecd
du = asec ftan 0 do

w—a’=a’tan’ ¢

1 qu— |asecotané de
(U2 — a2)%/2 a*tan® 0

1 (cosh

AL

1
:—*203294‘(:
a

15

X—3

(NIE}

7+
x2—6x+10} ¢

+ 8
ED)

27
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2du 2du
1 1+ w2 /2 1 ! 1+ w2
63'[2—35in0d0_f2 3< 2u ) 65'L 1+sint9+cosf)dg_j0 T
1+ W 1+uw 1+
1
2 1
_ = du
Zavw -6 LHU
1 1
_ =(In|1+u
fu2—3u+1u [' |]o
B 1 =1In2
_f<u3)25du ,
2 4 u=tan§
<U_§)_£
B S ST B
5 <u_§)+j
2 2
_1 Ju=3- V5
V5 l2u-3+ 5
1 2tan<g>—3—\/§
=—=In +C
V5 2tan<g>—3+\/§
6
u—tané
sn g _1( 2siné cosVo ( 1 )
67. f73_20089d9—2f73_2(:080d0 69.J NG dG—ZJcos\/@T\/é do
= i +
:%In|u|+c 2sn /o +C
1
u= J6,du=—-—"~=do
=%In(3—20059)+c 2.6
u=3—2cosh,du=2sn0do
8y y
71. A= | —F—=dx 73. Arctangent Formula, Formula 23,
,[)‘/xﬂ-l s g
1
— — 8 1 _— =
:[ 2(2 x)m] s Ju2+1du,u &
3 0 2L
4 1
e _|
2 4 6 8

= 4—30 ~ 13.333 square units

75. Substitution: u = x2, du = 2x dx

Then Formula 81.

77. Cannot be integrated.

79. Answers will vary. For example,
J(Zx)ezx dx

can be integrated by first letting
u = 2x and then using Formula 82.
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5
8l W= f 2000xe™* dx
0

5
= —2000] —xe *dx

0
= 2000[?— x)e(—1) dx
0

= 2000[(—x)e*X - e*X]S

0
= 2000(—55 + 1)
€

~ 1919.145ft - Ibs

3
p— 2 —_— =
83. (a) V=202 L mdy W = 148(801n(3 + /10))

=11,840In(3 + /10)

I <]
:[SOIn‘er \/1+y2‘]0 ~ 21,5304 b

=80In(3 + /10)
~ 145.5 cubic feet
(b) By symmetry, X = 0.

— ° 2 — 2 3_
M —p(2)Lﬁdy— [4pln|y+ V1+y |]0—4pln(3+ \/E)

M=2f32ydy=[4\/1+y2T:4(\/10—1)
x pofryz p o

My _ 4p(\/10 - 1)
M

y=-F=—r— =~ 119
Y 4pIn(3 + /10)
Centroid: (%, y) = (0, 1.19)
4 4
k 15417
85. (a)J;2+3de—10 (b)Lerngx
K = 10 - 10
4 0.6486
dx
02+ 3X
30
= 15.417 (— m)

87. False. You might need to convert your integral using substitution or algebra.

Section 7.7  Indeterminate Forms and L'Hopital’s Rule

0
X ~01 | —001 | —0001| 0001 | 001 | 01 . / \

f(x) | 24132 | 24991 | 2500 | 2500 | 2.4991 | 2.4132 /
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11.

15.

17.

19.

25.

—im— _ _im—2 ___p
X - oo (1/4)ex/2 X - oo (1/8)6)(/2

Section 7.7 Indeterminate Forms and L'Hépital’s Rule
lim x%e*/100 =~ Q 10,000,000
X — 00
X 1 10 102 108 10* | 10°
f(x) | 0.9901 | 90,484 | 3.7 x 10° | 4.5 x 10% 0 0
00 100
2x—3) 2x-3 .2 1
@ m e e =M T gx-3 A Mx+3 3
c2x—=3 . (d/d2x—-3)]_ . 2 _2_1
() Jim=e—g =M (d/d)[@ — 9] =M~ 6"3
. +1- . +1- +1+ . +1) — .
@ limXXFL=2 g Vx+1-2 Uxslv2 0 kD4 0 1 1
x-3  x—3 x23 x=3  x+14+2 x-3(x—3[x+1+2 x-3/x+1+2 4
o lim X1 2 @l Vx+1-2 _ . 1/2/x+1) 1
x-3 Xx—3  x-3 (d/d[x—3] = x-3 1 4
B —=3+1_ . 5-(3BX+(1/x) _5
@ Im e s =M T e 3
.52 —3+1_ . (d/d[5x*—-3+1] . 10x-3_ . (d/dx[10x—-3]_ . 10 _5
(b) Jim -5 = Jim (d/dx)[3x2 — 5] =M e = Jim (d/dx)[6x] _XILTOG "3
2 — — — Y2 _ — y2
im X=X =2 &=ty 13, jim YA X2y DVAEX
x-2 X—2 x-2 1 x -0 X x -0 1
im &= A=%_ e+l _,
X -0 X x-0 1
Casel: n=1
jim 0Ny €21
X - 0% X - 0* 1
Case2: n=2
im &Y _ &l i, &t
X - 0" 2 7xﬁ0* 2X 7xa0*272
Cae3: n=>3
lim w_ lim e—-1_ lim e
X -0 X1 Tl et S lon(n— w2
. sn2x . 2c0s2x _ 2 . arcsinx . 1//1—-x2 -2+ 1 6x — 2
IMsnax  WM3cosax 3 2L M =M~ =1 B ImTuets TUm T
= Iim§—§
S xeeed 2
i x2+2x+37|. 2xX+2 7 IimX—B—Iim 3x?
U T LU T D xmoo @92 xnoo (1/2)€9/2
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. X . 1 . COSX
29. lim = lim = 3L lim——=0b ueeze Theorem
iy S L Y AT T O
Note: L’'Hépital’s Rule does not work on this limit. (COSX < 1)
See Exercise 79. X T X
~Inx . o1x .1 Loer e e
B TAM T T M ae ~ O S L -
37. () Iing (=xInx) = (—0)(—o0) = (0)(c0) 39. (@) lim <xsin%> = (c0)(0)
X - 0" X — oo
) lim (—xInx) = lim 7% 1 En(Lx)
X -0 x -0t —1/X (b) lim xsin== lim ————
X— oo X X— oo 1/X
. 1/x ”
= I|n3+W — 1im (—1/x3) cos(1/x)
x- X - 0o _:l./X2
= limx=0
-0 = lim cos(%) =1
X— oo
() 2
0 10 (c) 15
IO
-0.5
41. (a) Iinc’)l X/ = Qee = 0, not indeterminant 43. (@ lim x¥*x = oo
X - 0% X — oo

(b)

(©

45. (@)
(b)

(See Exercise 95)

Let y=x/x
1
— 1/X — =
Iny = Inx Xlnx.
. 1
Sincex - 0, ;Inxa (c0)(—o0) = —oco. Hence,

Iny > —oco O y- 0%,

Therefore, Iir(r)l xI/x =0,
L

2

y / |

-0.5

lim (1 + x)/x = 1o°

X - 0"

Lety = Iing (1 + x)/x
o

In(1 + x)
X

= lim (71/(1 * X)> —1

X - 0" 1

Thus, Iny=10 y=¢et=e

Iny = lim
y X - 0%

Therefore, Iirg 1+ x¥*=e
oL

(b) Lety = lim xt/x
X— oo

Iny = lim 2% = jim (1{") —0

X-o0o X X— oo

Thus, Iny =0 O y = €® = 1. Therefore,

lim x/x = 1.
X - oo
© 2
-5 20
-0.5
(© 6
"‘-\_\_\_\_\_\_\_\-
1 4




Section 7.7 Indeterminate Forms and L'Hépital’s Rule 99

47. (a) x”fél [3(x)*/2] = o°
(b) Lety = Xligry+ 3(x)V2

Iny = xIiary+ [InS + glnx]
Inx]
2/

I|m In3 + I|m

lim [Ins +
X0

1/x

(©

—2)%

. X
= |limIn3 - lim
X— 0" x-0" 2

In3

Hence, Iir(T)] 3(x)¥2 = 3.
Jm

49. (a) Iin11+ (Inxx~t=q°
(b) Lety = Iilrp (Inx)x~1

lim (x— Dlnx =10

X 1"

Hence, Iin11 (Inx*-1=1
X 1"

(© 6

53. (& liﬁﬂ(%_xEl) = oo —
o i (&5 20) - m
= I|m
©
. - EL‘t
I
57. (a) 10

10

33X —3—2Inx

(x — DInx
3 - (2/x)

“[(x—1)/x] +Inx -

(B lim (V@ +5x+2-x)

7

/

51 (a)xllm<X2 4—Xf2>:oo—oo
. X . 8=x(x+2)
(b) xltn;*<X2 ZI-_X—2>_><|IIT2.|+ X2 — 4
— lim (2-x04+x
x-2t (X + 2)(x — 2)
_ -x+4 _ -3
Txi2r o x+2 2
© T :
-7 E -d-'_'_'_5
55. (@) 3
x—3
(®) I|m 3ln(2x — )_l'f”sz/(zx— 5)
. 2Xx—=5 1
=lim=—=3

. 2
_lim (TS 2 - )X 24
xiob (VE+5x+2+x)
m(x2+5x+2)—x2
© /X2 4+ Bx+ 2 + X
5x + 2
\/x2+5x+ + X
m 5+ (2/%)
x-o0 /1 4+ (5/x) + (2/x3) + 1
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0 oo
59. 6’;’0 - 00,1°,00 00 — co 61. (@) Letf(x) = x2 — 25andg(x) = x — 5.
(b) Letf(x) = (x — 5)2and g(x) = x2 — 25.
(©) Letf(x) =x2 — 25andg(x) = (x — 5)°.
X2 2
63, lim o5 = lim 5e5x =M 25 = ©
3 2, n n—1
65, lim UNX° _ iy 3UnX1/%) 67. lim UNX _ jjpy NUNO™ /X
X— oo X X—co 1 X— oo m X—co me 1
2 n—-1
— lim 3(Inx) lim n(Inx?n
X— oo X X - oo
o 6(Inx)(1/x) . n(n— D(Inx)"—2
B x“j?c 1 Jingo mexm
. 6(Inx) 6 o n
= )im =Jmx=0 == )Im e = O
69.
X 10 102 10* 106 108 10
(Inx)*
T 2.811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000
7L y=x¥*x >0 73. y = 2xe™*
Horizontal asymptote: y = 1 (See Exercise 37) lim X _ lim 2 _ -0
_ 1 | X = oo ex X = oo ex
Iny = X nx Horizontal asymptote: y = 0
ldy _ 21 dy .
v dx X( >+(InX)< ) o = (e + 2e
=26*(1-x=0
gy xl/x< >(1 —Inx) = x%-2(1 — Inx) = 0 ( )
X Critical number: x=1
Critical number: x=-¢e Intervals: (oo, 1) (1, o0)
. Intervals: (0, € (e, o0) Signof dy/dx:.  + -
Sign of dy/dx: + - y = f(x): Increasing Decreasing
y = f(x): Increasing Decreasing

75.

Relative maximum: (e, €'/¢)

4

Limit is not of the form 0/0 or co/oo.

L'Hopital’s Rule does not apply.

7.

Relative maximum: (1, %)

10

lim xcos1 (1) = oo

X - oo

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.



Section 7.7 Indeterminate Forms and L'Hépital’s Rule
79. @ lim — = jim XX ®) lim— = fim —
e AL e 1/x xooo /X241 xoeex/ U+ 1

, 1 RV,

= lim —(———— = lim ————— = lim
S VN xmoo X Xt

= lim ————— 1 = lim ——
x=c0 /1 + (1/%?) x=o0 /X2 + 1

1 Applying L'Hopital’s rule twice results in the original limit,

= =1 YL AR Al ? .

J1+0 so L'Hopital’s rule fails.
(©
-6 /_7_ 6
-15
AGCES
&@—eﬂ+ £ )
. 32 R -ey u
81. lim K =M + lim (voe™)
_ 3200 +te™™) . (Vo) _
= lim 1 i ge) =32+ V%

83. Areaof triangle: %(Zx)(l — COSX) = X — X COSX
Shaded area. Area of rectangle — Area under curve

X

2x(1 — cosx) — ZJ

0

. X — X COSX
Ratio: -
x-028NX — 2X COSX

85. f(x) = x3,g(x) = x* + 1,[0,1]
f(b) —f(a _ f(o
gb) —g@ gl
f(1) — (0 _ 3¢
g1) —g0) 2c
1

(1 — cost) dt = 2x(1 — cosx) — Z[t — sint]

lim-———F——— =

X
0
= 2X(1 — cosx) — 2(x — sinx) = 2sinX — 2X COS X

lim 1+ xsinx — cosx
x-02C0SX + 2XxSinX — 2 CoSX

1+ xsinx — cosx
2Xsin X

lim

x -0

XCOSX + sinX + sinx
2XCcosX + 2sinXx

i
X -0

i XCosSX + 2sinx 1/cosx
x -02XCOSX + 2sinxX 1/cosx

lim X + 2tan X
x 02X + 2tan x

lim 1+2sec®x_ 3
x-02 + 2sec?x 4

87. f(x) = sinx, g(x) = cosXx, [0, 7—27]

f(m/2) - £(0) _ 110
g(7/2) — g(0) g0

1 _ cosc

-1 —sinc

—1= —cotc
c=2x
4
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89. False. L'Hopital’s Rule does not apply since 91. True
Iirr?)(x2+x+1)¢0.
X -
X+ x+1 1
Iim——=lim({x+1+=-]=1+00=00
X -0 X X -0 X

93. (@) sin6 =BD
cosf=DO O AD=1-—coséb

Area A ABD :%bh :%(1— cosB)sinez%sine—%sin 0 cos 6

(b) Areaof sector: %0

Shaded area: 10 — Area AOBD = 109 — f(cos 0)(sin ) = 70 — 1sm 0 cos 6

2 2 2
© R= (1/2)sin6 — (1/2)sinfcos® _ sinf — sinHcos 6
(1/2)6 — (1/2) sin 6 cos 6 6 — sin 6 cos 0
. sinf— (1/2)sin20
(@ fimR =M= 1/2) sin20
cos f — cos 20 —sinf + 2sin 26 —cos6 + 4cos20 3
= I|m I|m - I|m =—
-0 1 — cos26 -0 2sin 26 -0 4 cos 26 4

95. Xllnl f(x)9
) y = f(x)g(x)
Iny = g(x) Inf(x)
lim g(x) Inf(x) = (c0)(—00) = —
Ajsx_. a, Iny O —oo,andhencey = 0. Thus,
)!i[na f(x)9% = Q.

b

97. f(a)b — a) — f F0)(t — b) ot = F(a)(b — a) — {[f’(t)(t _ b)]b _ f e dt}

_ t(a)b - a) + fa)a—b) + [f(t)}b —t(b) - (@)
dv=f"t)dt O v=F1(t)

u=t—b O du=dt

Section 7.8  Improper Integrals

1. Infinite discontinuity at x =

—dx— lim f—dx

b - 0"

lim [zﬁ]b

b - 0"

lim (4 —2./b) = 4

Converges
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3. Infinite discontinuity at x = 1.

S| o 2
Li(x—1)2dx:L(x—1)2dx+£(x—1)2dx

1 2
JﬂlL&iEﬁW+JﬂLL&tiﬁW

- bILr |:_X* 1

]Z+ lim [_rll]j: o= D+ (-1 4+ o0)

c-1"

Diverges

1
5. Infinite limit of integration. 7. J %dx #+ =2

-1
) b
eXdx = lim | e *dx
0 b-oo Jo

b Diverges
= lim [fefx] =0+1=1
b- oo 0
Converges
9 fmidx: lim jbldx 11 fooidx: lim
RS b-oo J; X2 " Ix b- oo

Diverges

0

b

0 0
13. f xe 2 dx = bIir_n fxe*2X dx = bIim %[(—Zx - 1)e*2x] = bIirp %[—1 + (2b + 1)e®] = —co (Integration by parts)

b

—oo

Diverges

oo b b + +
15. xexdx = lim | x%e*dx = lim [—e*x(x2 + 2x + 2)] = lim (—w +
0 b- oo 0 b- oo 0 b- oo eb
! . 2+ 2b + -
Smcebllm (7%> = 0 by L'Hopitad’s Rule.

o b
17.f e *cosxdx = lim ;[efx(—cosx+sjnx)]

0 b oo 2 0
1 1
— 20— (-1] =3
19 dexz lim b(Inx)*31dx 21 widx=
" ), X(Inx)3 b-oo Ju X C) A+

tim | ~3n0-2]

1 -2 1 -2
—E(In b)=2 + 2(In 4)

111
2(2In2?  8(n2)y2

b
j 3x~1/3 dx
1

[gxz/s

0
2

Lr Tl dx +

lim ° 2

b-—-co J, 4
0]

lim [arctan(ﬁﬂ

b- —oo 2) b (o

o~

T
2

b
= o0
1

2)=2

+ X2

)+

fw 2
0o 4+ %
c 2
mL4+%

dx + lim

C—

+ lim

X
[arctan(

T
2*0

because the integrand is not defined at x = 0.

dx

)=

2

dx

)

Cc

0
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2 [t g im [ 25. | cosmxdx = lim Fs'n x]b
’ Oex+e7X b- oo 01+e2x ' 0 m b—'oo rl 7T 0

Diverges since sin 7rx does not approach alimit as x - oo.

= bILTC [arctan(ex)]z

_T
4

1 171
27. f%dx= lim [—1] =—-1+o0
o X b0 [ X Jb

Diverges

NIE
INE

dx = lim

1 1 = 1im|=3@- 2/3]‘°_
038 — x b-8" omdx_bliryf[Z(B X 0_6

1 2 271 _ _
3L f xInxdx = lim [%|n|x| - Xf] = lim [—1 _Einb, E] = Jsincebnrg (b2Inb) = 0 by L'Hopita’s Rule.
0 - - N

4 4 2 4 4

/2 b
33 f tan6do = lim [In|wc 0|] = oo
0 b (m/2)~ o

Diverges lim [
b2+

—0=

w3y

4 1 ) 4
37. Lﬁ = Jirgl [In‘x + X2 — 4‘]&3
=1In(4 +2/3) — In2
=1In(2 + /3) =~ 1.317

! dx = ! dx+j ! dx
0\3/X*1 0\3/X*1 1\3/X*1

— 3 _ 2/3]b ; [§ _ 2/3]2_; §_
_bl|m[2(x 1) 0+C|LT+ 2(x 1) = 2+2_o

41. ax
f \&x+6 f\/;(x+6 f fx+6
Letu= X U? = x, 2udu = dx.

4(2u du) du _ 8 4 8 VX
fu(u2+6) 8fu2+6—\@arctan< 6>+C arctan( >+C

fﬁ(X+6)
= 48U\ [ 8 (VX
Thus,fO \/),((X+6)dx ,JL”&[\@aman(\/é)] +C|LTOL/6 arctan <f>]1

= (o Jg) ~ Z50) + (Ja3 ~ Zooml o))
BT /8) ~ 6 62 60\ /6
_877' 277f

2/6 3

m
3

¢ 2 t 2
3B | —=—=——dx= lim | ————=dx
Lx X2 — 4 baz*fbx\/xz—4
X4
E]b

- Jry{esme2 - v )
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43.

47.

51.

53.

55.

57.

61.

1 b1 b
przl,f =dx = Ilim f =dx = lim Inx].
1 X b- oo 1 X b- oo 1

Diverges. For p # 1,

L [P [
xR X_blﬁn;]o[l—p]l_blﬁn;[l—pil—p

This converges to ifl—-p<Oorp> 1

p—1

. For n = 1 we have

oo b
xe Xdx = lim [ xe *dx
o b-oc Jo
b

lim [—e*xx - e*x]
b- oo 0

bIim [-e b — e+ 1]

= lim [_—b C 1] =1 (L'Hépita’s Rule)

e &

b- oo

o

Assume that f X"e~* dx converges. Then for n + 1 we have

0

fx”*le*x dx = —x"*tle* + (n + 1)fx”e*x dx

by parts (u = x"*%, du = (n+ 1)x"dx,dv = e Xdx,v = —e™).

Thus,

(Parts: u = x,dv = e *dx)

oo b o oo
J x"tlg=xdx = lim [—x”*lefx] + (n+ 1)j xeXdx =0+ (n+ l)f XPe~* dx, which converges.
0 0

0 b- oo

1
J 2 dx diverges.
0

(See Exercise44,p =3 « 1)

o]

Since < X—lzon [1, o) and f

1
X2+ 5 1

1

. 1
Snhce — =

0

“1 1 1
49. Jl gdx =3-1° Econverga

(See Exercise 43, p = 3.)

1 . * 1
2 dx converges by Exercise 43, J; Zi5 dx converges.

<1 i . et 1 )
> on|2, and | —— dx diverges by Exercise 43, ———— dx diverges.
Ixx—1) I% [2,00) L /%2 gty L Ix(x — 1) 9

Sincee™@ < e *on|[1, o) andf
0

Answers will vary. See pages 540, 543.

f(t) =1

R b
F(s) :J e tdx = lim [—le‘g] :;,s >0
s s

0 b- oo 0

e X dx converges (see Exercise 5), f e dx converges.
0

1 0 1
59.[ %dxzf %dx+f13dx
_1X X o X

These two integrals diverge by Exercise 44.

63. f(t) = t2

- b
F(s) = f t?2e S dx = lim [i(—szt2 — 2¢t — 2)e*5‘]
0 booo | S 0

2

=§,s>0
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65. f(t) = cosat

F(s)

f e S cosat dt
0

7st b
= I [32+ >(—scosat + asmat)}
s s

:O+s2+a2:sz+a2'

s>0

67. f(t) = cosh at

F(s) =J e % cosh at dt =J e <M> dt = J [e“ s+a) 4 gl-s- a)] dt
0 0 2 2

- Jiﬂ;[ﬁe‘( B e a)] [( sl+ a (—sl— a)]

=_—1[ CE— 1 ]: S ,s > |a
(-s+a (-s—a| s-&

oo

69. (a) A=J e dx (b) Disk:

(0]
. P V= f (e7*)2dx
:ILTO[—e]:O—(—l):l o
° . 1, b
=4m ”[_Ee ]o—z
(©) Shell:

\%

27-rJ' xe*dx
0]

bl'jgo {Zw[—e‘x(x + l)]z} =27

71. X3+ y?% =4

2 15,2
Zx—1/3 £ Zy-1/3y =
3x +3y %y'=0

=V E
Y = s
2/3 ¥2/3 + \2/3 4 2
7= y= Y e
V1i+(y)?= 1+ om~ 2B 23 U3

8
s=4 8- 7x2/3] =48
L 1/3 |: b
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73. T'(n) :f X1~ leg=xdx

0

@ raQ = Jooe‘xdx = lim [—e"‘]b =1

0 b- oo 0

s _ . _ b
l“(2)=fO Xe dx=l)ILrgo[—e (x + 1)}[):1

o b
re = f x2e X dx = lim [—xze*" — 2xe ™% — 2e*x] =2
0 b- o 0
oo b b
(b) T(n+1) = f X'e X dx = bIim [—x"e‘x} + bIim nj x'~leXdx =0+ n'(n) (u=x",dv=e>dx
0 - 0 —e Jo

© I'(n) = (n- 1)

oo oo b 4 4
75. (a) j %e*‘”dt = f %e*‘”dt = bIim [—e*‘”]o =1 (b) f%e*t”dt = [—e*‘”]o =—-e¥+1
— - 0

0
=~ 0.4353 = 43.53%

NE 47u7] — i [__ T Aﬁ/y}b
(C)J;t[7e dt bILTO te Te .

—0+7=7

s 25,000

5
006t | ~
0.06 e ]0 $757,992.41

77. (8) C = 650,000 + f 25,000 e~ 9%t dt = 650,000 — [
0
10
(b) C = 650,000 + J 25,000e~008t g ~ $837,995.15

0

(c) C = 650,000 + f 25,0006 0% gt = 650,000 — |im [%e

0 b- oo

b
—0.06t:| ~ $1,066,666.67
0

79. Letx = atan 6§, dx = asec? 0df, Va2 + x2 = asech.

1 asec?0dg 1
fmd“fm:;fmm
X

gl x
a Ja? + X2

a2

Hence,
« 1 k . X b
P "fl @+ ™2 [‘rz T sz

5[_ 1 ]_@J¥+1ﬂ
JaZ+ 1l aJaZ+1

a2

10 10

8L 2 — 2x X(x — 2)

0O x=0,2

You must analyze three improper integrals, and each must converge in order for the original integral to converge.

f3f(x)dx=flf(x)dx-i-fzf(x)dx+f3f(x)dx

0 1 2
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83. Forn =1,
- X . 1 b 1 1 b 1
I, = ————dx= lim=Z| (X + 1)~42xdx) = | e . S .
' fo 0@+ 2" be ZL( S b"f?o[ 60 + 1)3]0 6
Forn > 1,
Rl x2n—1 ) —x2n—2 b n-—1 x2n—3 1
I”_J; (x2+1)”*3dx_tnlingo[2(n+2)(x2+1) 0 n+2f 0@ + n+2 =0+ +2(n )
_ _ X
u=x"2du=(2n — 2)x=3dx, dv = @ 1)nwdx V= T 2)(x2 i
@ i = Jlim [—#]b _1
o 0@+ 14 1)4 ~wo| 6+ 120 6

RS 1/1 1
®) f o2+ 15 1)5 f (x2 e Z(é) =2

1 1
© f 0@ + 1 1)6 f 0@ + 15 1)5 E(ﬂ) =60

© b
85. False. f(x) = 1/(x + 1) iscontinuouson [0, o), lim 1/(x + 1) = 0, butJ ” Jlr 1dx = bIim [In|x + 1|]0 = oo.
X — oo 0 — 00
Diverges

87. True

Review Exercises for Chapter 7

1 X 1 2x
/X2 — =[x - 1V2 =z
1 fx x2 — 1dx 2f(x 1)1/2(2x) dx 3. fxzfldx 2fx271dx

_ 1 (X2 _ 1)3/2

= ;In|x2— 1 +C
2 3/2 2

+C

— 200 -1+ C

In(2x) (In 2x)2 f 16 . <x>
5. dx = +C 7. | ———=dx=16arcsin|—| + C
f X 2 J16 — x2 4

fezxsin 3xdx = —%ezxcossx + %féxcos3xdx

= —%ezxcosax+ ( ezxsm3x—ffezxsm3xdx>

1ESJeZXsinSde= —%ezxcosSer gezxsinSX

X
JezxsinSdez %(ZSinSx —3c0s3x) + C

(1) dv=sn3xdx O v= —%cosBx (2 dv=cos3xdx (1 v= %sinSx

u= e O du= 2e®dx u=eX O du = 2e*dx
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11. u=x,du = dx,dv = (x — 5)¥2dx,v = g(x — B)3/2
2 2
fx\/x —5dx = éx(x — 5)3/2 — fg(x — 5)%2dx
_ 2 ez A e
3x(x 5) 15 (x—55%2+cC
2 4
— (x — 532 & — Z(y —
(x —5) [SX 15(x 5)] +C

6 4
— _ £\3/2
(x — 5) [ 15¢ + 3] +C

_2 _ £)3/2
—15(x 5)%3x + 10] + C

15. xarcstxdxf*arcanX f
f 2 A

1 2%
- arcs n2x — dx
2 J1 - (2x)2

2
2 8

16[(8x2 — Darcsin2x + 2x/1 — &¢] + C
2
dv = xdx O v=X—
2
. 2
u=acsin2x O du=——=dx
V1 — 4x2

17. fm§(wx —1dx= J[l — sin((mrx — 1)] cos(rx — 1) dx
- %[sin(wx ~ 1)~ Ssin(mx - 1)] ic

= isin(wx - D[3—sn¥(mx — 1] +

37

13. fx2§n2xdx= f%x20052x+ fxcostdx

1, 1 . 1.
— J’_f —_ —
2x COoS 2X 2xsm2x 2J'sm2xdx

= —EXZCOSZX + 5sin2x + %0052x+ C

2 2
(1) dv=sn2xdx O v= —%cost
u=x2 O du= 2xdx

(2) dv = cos2xdx [ v:%sinZX

u=x O du=dx

=X arcsin2x — 1<§>[—(2X)\/1 — 4x%2 + arcsin 2)(] + C (by Formula 43 of Integration Tables)

— L Sn(mx — D[3 - (1 - cos2(mx — )] + C

3

= isin(7rx — 1[2 + cos¥(mx — 1]+ C

37

10, [soc(%) o= [[rre(2) + 1] () o
- Jorla) =)o =)

~Zur(3) + 2en(3) ¢ o Zfuae(z) + sen(3)] o

‘g
21, f;_doszd(?:f(sec20+%c(9tan0)d0=tan0+sec0+c

1—-snd cos? 6
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23 -12 dx = —24 cos 0 de
N YN (4 sin? 6)(2 cos 6) )

=—3jc&20d9 A

4-x?

=3cothd+C

/A — x2

X=2sn6 dx=2cos0dl /4 — x2=2cosh

25. X=2tan 6
dx = 2sec? do

4+ x2=4sec?0

x3 8tand 6
——dx = 2sec? 9do
f\/m f2sec0
= 8ftan3esec0d0

= 8J(sec29— 1)tan 6 sec 6 do

= 8[70 - sece] +C
3
2 3/2 2
_ 8{()( -;44) B \/x2+ 4} +c

= \/m[%(x2+4) —4] +C

= SO A- SR FA+C

=200+ 420¢ — 8) + C

27. f\/4 — x2dx = f(z cos 6)(2 cos 6) d

:2f(1+00520)d0 A
4-x?

= 2<0+%§n20> +C

=2(0+sinfcosh) + C

el 557

= %[4arcsin(g) + X4 — xz] +C

X=2sn6dx=2cos0df /4 — x2=2cosh
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29. (a) XiadX—B Sin30d9 (b) Xisdx— (w2 —4)du
' Jh+x2 = Jcoste vt

:81(005*46—005*20)sin0d9 :%u374u+c

8 u
=§sect9(seoze—3)+c =§(u2—12)+C

/ 2 / 2
:%(XZ—S)-%C :%(XZ—S)-FC

X = 2tan 6, dx = 2sec? 6 do U2 =4+ x2, 2udu = 2xdx

3
(©) fﬁ dx = x2/4 + X — f2x\/4 + X2 dx
NI

2
= eVEE R - S+ c= Y e g aC
X
dv=——dx O v=J/4+x
Va4 + x2
u=x2 O du= 2xdx
X— 28 A B

3L ¥—Xx—6 x—-3 x+2

X—28=AKX+2) + B(x — 3)
x=—-20 —-30=B(-5 [J B=6
=3 O —-26=A5 0O A=-5

X
X — 28 -5 6
fXZ_G_de—J(X_3+X+2)dx——5In|x—3|+6In|x+2|+C

X2 + 2x __A Bx + C
x—1Dx+1) x—-1 x+1

33.

X+ 2x=AX+ 1)+ (Bx+C)(x—1)

Letx=1: 3=2A [0 A=g

Leex=0.0=A-C [ C=g

Letx =2 8=5A+ 2B+ C [J B:_%

X2 + 2x =3[t g1 [x=3
X—x2+x—1 2x—-1 2Ix+1

—3inix = 11 = Yinne 3
—2In|x 1| 4In|x +1|+2arctanx+C

= %[6In|x — 1] — In(2 + 1) + 6arctanx] + C
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X2 —14 15 — 2x
X2+ 2x— 15

3. X2+ 2x — 15

15 — 2x _ A n B
x—3)(x+5 x—3 x+5
15— 2x=AX+5) +B(x— 3
9

9=8A 01 A=§

Letx = 3:
Letex=—-525=-8B [ B=——

2 9( 1 5[ 1
jﬁ+2x—mdx_fw+§fx—sm‘”§ x+ 5%

9 25
+ = -3 == + 5| +
X 8In|x 3| 3 Injx + 5| + C

X 1 2
=== —+ + +
37 f(2+3x)2dx 9[2+3x In|2 3X|] c

(Formula 4)

S SERPV P Y PR
41. JX2+4X+8dx—2[In|x + 4x + 8| 4Jx2+4x+8dx]

:%[In|x2+ ax + 8] - z[ 2+ 4

R S ', ok 2
2 - 16 (%—m

:%In|x2+4x+8| —arctan(l+§) +C

(m)dx (u= mx) 45. dv = dx

[ S § N
) sin X cos wx 77| §in X cos X

= %In|tan ax| + C (Formula 58)

X
%. J1+ snxe &

i1 =
e wem

= %[tan u—secu] + C (Formula56)

= %[tanx2 —secx?] + C

(Formula 15)

)} + C (Formula 14)

V=X

u=(Inx)" O du=n(n x)”*lidx

J(In X)"dx = x(Inx)" — nf(ln X"~ Ldx

47. fesjn Ocosed9=%fesin20d0

= —%ocoszo + %fcoszode = —%600320 + %sinze +C= %(sin 20 — 20cos260) + C

dv=sin20do O v= —%cosZB

u=290 O du=de
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x1/4 3 u(wd)
49. f1+ Xl/zdx— 4Jl+ uzdu

:4f<u2—1+u211>du

= 4(%u3 —u+ arctanu) +C

= g[x3/4 — 3xY/4 + Barctan(x¥/4)] + C

y= ¥x,x=u4dx = 4uddu

53. fcosxln(sjn X) dx = sinxIn(sinx) — fcosxdx

=sgnxIn(sinx) — sinx + C

dv=cosxdx [0 v=sinx
. cos X

u=In(sinx) 00 du=———dx
sinx

2¢ + x
= 2 = 2 _
57.y jln(x + x)dx = xIn|x2 + x| fXZerdx
+
= xIn|x2 + x| — s 1dx
x+1
=xIn|x® + x| — [ 2dx + 1 dx
x+1

=xInx+x —2x+Inx+ 1 +C

dv = dx O v=x
u=In(x®+ x) O du=2§+1dx
X2 + X
*Inx 1 4 1
61. f —dx=[—(|nx)2] — Lnay = 200272 ~ 0.961
1 X 2 1 2

65. A= f X4 — xdx = f (4 — vAu(—2u) du

0
= J 2(u* — 4u?) du

2

[t 4y - 128
5 3/ 15

U= J4—x,x=4—u3dx=—2udu

69. s=f V1 + cosxdx =~ 3.82
0

oe]

51. f\/l + cosxdx = de

1 — cosx
= J'(l — cosX)~Y2(sin x) dx

=2J1—-cosx+ C

u=1-— cosx, du = sinxdx

9 3, |x—3
=y = fmdx—é'“Hs
(by Formula 24 of Integration Tables)

| +c

g

Ve 1
59. f X(x2 — 4)¥/2dx = [,(Xz _ 4)5/2] _ 1
2 5 2 5

i

ke
63. stinxdx:[—xcostrsinx] =
0 0

67. By symmetry, X = 0, A = %'n’.

75. y = lim (Inx)%*
X — oo

200 _ |y [26000] g
X

Iny = lim !

X - o0

Sincelny =0,y = 1



